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QOutline
Three Lectures

» Lecture on Tuesday
» Numerical Calculation of Schrodinger Equation
» 1D e Quantum Well
» Numerical Newton Iteration
» Transcendental Equation ( Capacitance of P-N Junction)
» Poission’s Equation (Band Diagram of P-N Junction)
» Lecture on Thursday
» Numerical Calculation of Band Structures
» 1D atom chain
» Graphene Nanoribbon
» Graphene
» Lecture in the final week
» Quantum Transport - Non-equilibrium Green’s Function




1D o= Quantum Well
Numerical Calculation

» 1D oo Quantum Well V(%)

[H+ V(Y = EY
h?  d?

H= —— . —
2m dx? 0 a

» Analytical Solution:

K2m2n2
E, =

2ma?

2 mmx
¢n(x)={J;Sln(T)’ 0<x<a

0, x<0,x>a




1D o= Quantum Well
Numerical Calculation

A V(X)

» Discretize the Problem:

» Wave Function

P (x1)
Ipn(.xz) j-a

Yn(x) = 0=xo<xj=?<x1+1—a
lpn(xl)

Yn(x0) = Pp(x41) =0




1D o= Quantum Well
Numerical Calculation

A V(X)

» Discretize Hamiltonian ;
a

hz dz Xo Xy X Xj.1 X X

2m dx?
a ” 1 {[¢n(x1+1) ~Ya(x)]  [¥n(x)) _‘pn(xj—l)]}
dxz ™ ey, a/+1) a/(l+1) a/(l+1)
[+1
= () o) ~ 263 + 1)
-2 1 n (1)
u B hz (l + 1)2 1 -2 1 . Ipn(.xz)
Y=o @ L 1
1 -2 Y (x)
-2 1
hz 1 1 -2 1
H=- 1

2ma?/(l + 1)?




1D o= Quantum Well
Numerical Calculation

» Solve in MATLAB

-2 1
hz 1 1 -2 1
0= e+ 1 . .
1 -2




1D o= Quantum Well
Numerical Calculation

» Solve for eigenvalues and eigenvectors

1 ()] [Y2 (e ] [W1(x1)]
V= ( 1/11(.352) lpz(.xz) I/Jl(.xz) )

l/h&xl)- LY, txl)- -l/)l(.xl)-




1D o= Quantum Well
Numerical Calculation

» Check the results

» Wave Functions




1D o= Quantum Well
Numerical Calculation

» Check the results

» Eigenvalues

*» diag(E) /e

ans =

0.0934
0. 3735
0. 8401
1.4927
2. 3308
3. 35631
4. 55890
B. 9473




1D o= Quantum Well
Numerical Calculation

» Assignment 2, Problem 1:
» Use MATLAB to calculate the electron density in the well

» When Fermi level = E,

% 10°
25 :

p(x) = Z N, " (x) - 1 () _ RS Y

Ni = Di 'fEf (El) 15}

pinm

05}

.l.". 1 1 1 1 1 1 1 1
1] 02 04 06 08 1 12 14 16
*xnm




Newton lteration
(Newton’s Method)

/
Al

StepS: \\/.Lg £ Iy

» To solve for the root of f(x)

>
» 1. Choose X, close to the root
>
>

2. x; = x;-1 — [f )17 Hf (xi-1) i=1,23,..
3. Check the convergence condition
lx; — xi—1| <7
» Yes - solved; No - return to step. 2




Newton Iteration
Transcendental Equation

» Example:

» Solve the transcendental equantion below for V,;

1
C [117-ge NyN, 712

S L2V + V) (N, + Ny)

» Where N;=9N, Vp,=12V (C=35pF S=55x10"*cm~
» And V,; can be yielded by Boltzmann approx.

kT (NN N;N
Vbi=—ln( dza)=Vt1n( dza)
e n: ns

l L




Newton Iteration
Transcendental Equation

1
, 11.7 - g€ N;N 2
> =2 = 0 diVa

~ S 12(Vy + VR) (N, + Ny)

» Use the given conditions, the equation becomes:

1
117 * 806 3 2

(G e
2(V,; + V) 10 7 P2y, -

» Find the zero of the function:

1
2

() = 11.7 - gge 3 (x)] c
I = s vvy10™ &P \ay,




Newton Iteration
Transcendental Equation

» First, derive for the derivative f'(x) using MATLAB

fp =
((3096785538529855625*exp((5000*x)/259))/(21516878181768325692630376788288077824* (2
24)) - (24774284308238845*exp((5000*x)/259))/(166153499473114484112975882535043072*
24)"2))/(2*((4954856861647769*exp((5000%x)/259))/(132922799578491587290380706028
+ 15950735949418990474845684723364134912))"(1/2))




Newton Iteration
Transcendental Equation

» Then build f (x) and f' (x) in MATLAB




Newton Iteration
Transcendental Equation

» Start the iteration
x0= 0.7

x1=0.6498
x2 = 0.6334
x3 = 0.6484

» When to end?

|x; — x;—1] <7




Newton Iteration
Transcendental Equation

» Use loop

X =x1 — [f G ()
Vbi = 0.6320
Na = 9.9513e+14
Nd = 8.9562e+15




Newton Iteration
Poisson’s Equation

» Problem: Find the band diagram of a P-N Junction

(a) Schematic

X (b) Charge density

Xp  (c) Electric field.

? Yo (d) Electrostatic
X potential.

Ef (e) Band Diagram




Newton Iteration
Poisson’s Equation

XO Xl cee X EC(X)

» Discretization —5

Xf_ XI XI+1
EC(xl) EV(X)
Ec(x;) -
EC(x): f 0:x0<xf:lj+1<x[+1:a
EC(xl) EV(xl)
Ey(x,)
Ey(x) =E;(x)—112eV = :
Ey (x;)
p(xq)

P\~ wexp(CEr — T

pe,h (x) =
pn = N, exp(Ey — Ep)/kT)

P(;Cz)




Newton Iteration
Poisson’s Equation

» Consider Poisson’s Equation:
V2U=0le
» Transform into:

€si€o 72 (Ec/e)ze[Nd — Ng + pp — pe]

€s;i = 117, & = 8.85 X 10_12(:2/(] : m)

E, —E Er —E
ESEEDVZ(EC/B):E[N‘:E_N& +Nv€xp( VkT F)—NC exp( FkT C)]

Ey—E Er—E
f(Ec) =65180V2(Ec16)—e[Nd+Na‘”ﬂ exp( T F)+NC exp( T C)]




Newton Iteration
Poisson’s Equation

» Contd.
f (EC) = £,6,V? E+e[— N, + N, — N, exp(2= Efy N, exp(E = EC)}
e T kT
f (Ec) = %VZEC +e[— N, +N, —N, exp(EC — Eg)+ N, exp(Efk__I_EC)}
» How to discretize it?
» Recall
-2 1 Yn(x1)
R2a+n2| 1 -2 1 P (x2)
Hlpn - _% az 1 8 . 1 .

].-. —2 lpn (xm)




Newton Iteration
Poisson’s Equation

" OE
» Boundary Conditions ——= =0
ox x=0,a
» Laplacian Operator
-1 1 i -1 1
1 -2 - 1 -2 -
r2. (|+21)2 VZEC=(|+21)2 .
a . a
—2 1
ST _
L2 1 -2 -
f(Ec)=gsi50# Ec
ea .
-2 1
L 1 _1_
+e[— N, + N, — N, exp(ZS=E9y . Ncexp(EfkfI_Ec)}




Newton Iteration
Poisson’s Equation

NG (X)) ]
N, (X,)

_Ndkxj)J

N (%) ]
N, (x;)

N (X)),

» Discrete Poisson’s Equation for P-N Junction:

-1 1 [ Ec(x,) |
2 1 -2 EC(Xz)
f(Ec):gsigO% Lo :
4 Lo =2 1 .
] 1 -1 Ee(x)]
BLACINLRCS [Ec(x,)—Eg | (Ec(x,) ]
Ng(X) | | Na(X;) Ec(x,) - Eg Ec(x,)
+el — . + . —N, exp( . /KT)+ N, exp(Ef - :
] _Nd'(xj)_ _Naixj)_ _Ec(xj.)—Eg_ _Ec(.xj)_




/KT)+ N, exp(Ef -




Newton Iteration
Poisson’s Equation

» Newton’s Method fory=f(x):  x; = x,_1 — [f O_)] F(xiq)

» Newton’s Method for vector function?

X1 Y1 fi(x)
Xn In f;z (x)

» Jacobi Matrix
of Ofi O O

ax1 axz ann alxj pan E
oh o 0k Oh
dx; 0x; T dx T 0Ox, _1
I_ﬁ_ S S s X = x — of f(x,)
= ox = aﬁ afz % 3ﬁ i+1 i ax i
dx; 0x; 0%; dx,
L R N )

dx; dx;  dx T 0x,



1t [Ect)]
2 1 -2 EC(XZ)
f(EC)=gsiEO% .
e too-2 01 .
i 1 —1J_EC(XJ')_
I _Nd(Xl)_ _Na(xl)_ _EC(X1)_Eg_ _EC(X:L)_ |
Nd (Xz) Na(Xz) EC(XZ) - Eg EC(XZ)
+el— : + . —N, exp( . [KT)+ N_exp(Ef - . /KT)
N[N0 |Ec(x,)~Eg| Eo()| |
11 ;
) 1 -2
J=8si80% B .o
ea .
.o =2 1
L 1 _1_
i EC(X1)_Eg ]
e><|0(—kT )
_eN, o Ec()-Eg
kT )
EC(XL)_EQ
I e><|0(—kT )_
[ Ef —Ec(x,) ]
eXp(—kT )
_eNg Ef —Ec(x;)
kT T )
Ef —Ec(x,)
L el kT )_




11 ;
1) 1 -2
J= gsigo% ) .
-2 1
1 -1
"~ Ec(x)-Eg |
()
_eN, Ec(x;)—Eg
kT )
Ec(x, )-Eg
L P KT )
— Ec(x ]
o (EF EECR)
_eNg Ef —Ec(x;)
KT ep( KT )
Ef —Ec(x,)
L p( KT )




electron density
hole density




Newton Iteration
Poisson’s Equation

» Assignment 2, Problem 2:

» Use MATLAB to calculate
the band structure of a MOS capacitor

A

0: 130 100 - x (nm)




Band Structures
Tight-Binding Method

» TB description for 1D chain of atoms

a <« > > “« >
B Y 3
On-site First Second Third
Energy nearest nearest nearest
neighbor neighbor neighbor
interaction Interaction Interaction
a B r ¢
B a By
H=\y" p° a p
§+ }/+ ﬂ+ o




Band Structures
Tight-Binding Method

» First Nearest Neighbor TB Description

- -

a=E, +2t p=-t, y=0 £=0
E, +2t, -t 0 0
-1, E, +2t, -1, 0
H= 0 -, E,, +2t, -1,
0 0 -1, E +2t, .




Band Structures
Tight-Binding Method

» First Nearest Neighbor TB Description - E(k)

—r

Lattice k
Spacing = a

N [
E(k) — ZHmnelk.(dm—dn)
m=1
—ika

Energy (eV)

=E, +2t,—te" ~te
=E, +2t,—t " + e_”“’]
= E, +2t,[1-cos(ka)]

» Applications:
» effective mass model for various materials
» pz-orbital tight binding model for CNTs and GNRs.




Band Structures
Tight-Binding Method

» Graphene Nanoribbon

Carbon 3D: Graphite
PSS

allotropes



Band Structures
Tight-Binding Method

» Problem: Band structure of GNR

>

Lattice
Spacing = a

Spacing = a



Band Structures
Tight-Binding Method

N .
> E()=YH,et
m=1




» Hamiltonian

1 23 456 7 8 9 1011 12 13 14 15 16 17 18

R e e = T ¥ T S B R e
~
.

=
=
[}
— e e s e s
-1 N b B R = S
—
.
—~

—
oo




Band Structures
Tight-Binding Method

» Hamiltonian




Band Structures
Tight-Binding Method

» Hamiltonian

1 23 456 789 1011 12 13 14 15 16 17 18

4

I
I

2
0
[BEN

transpose of H, .,

XRS5 EERNSS0e o s W -




Band Structures
Tight-Binding Method

» Hamiltonian:

N R,
ik(d,—d,)

> He

m=1

— —ika ika
- Hnn + Hn,n+1e + Hn,n—le




Band Structures
Tight-Binding Method

» Considering hydrogen atoms at edges...

1 2

3456 7 891011 12 13 14 15 16 17 18

=R~ < T =A TR T “S FE i oS T

T
I

nn

=1

1X1.12



Band Structures
Tight-Binding Method

k (Ang™) k (Ang™)

Unsaturated Hydrogen saturated




Band Structures
Tight-Binding Method

» Armchair GNR Band gap - TB Results

1.2 N,=number of C
10 . _ atom along width
S 0.8 —o— Nw=3n-1
2 0.6 |
(@)]
W04 |
o2 2000000000
00—




Band Structures
Tight-Binding Method

» Assignment 2, Problem 4:
» Calculate GNR band structure for:

' . . . N,=12 unsaturated edge

920202020202820!
920202020202020 SENNEIN e
...... .. .. s%s%29, w=13 saturated edge
000404858584949,




Band Structures
Tight-Binding Method

» Band structure of graphene?

_[0 ¢t

=1y g a; = —as = 1444 x (

3
a, = —a, = 1.444A x (E'




Band Structures
Tight-Binding Method

» Solve Hin MATLAB along the route

27 27T

k=(0,0,0)>k= ,0,0)>k = , 0

( ) (3acc ) ( 3. 33 facc )
Symmetric K M
point I' in k 5
space Al

% o € Zero bandgap
K

1 L L L 1 L
ES 1 1.5 2 25 3
Distance of K/ 1/(0.1nm)




Band Structures
Tight-Binding Method

» Solve in k plane: E
p ﬂ)
» Assignment 2

| Dira
Bonus Problem: \ poi
plot this figure
using MATLAB

Energy(eV)




