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ECE 146A: Solutions to Problem Set 3

Problem 2.18 The passband signal u(t) = /i-1,1(t)cos100mt is passed through the passband filter h(t)
= lo3(t)sin100mt. Find an explicit time domain expression for the filter output.

Solution 2.18 When the passband signal u(t) is passed through the passband filter h(t), we get a
passband signal y(t). Let us therefore find the complex envelope of y with respect to the reference
100rtt, by finding the complex envelopes of u and h with respect to the reference and then
convolving them. The complex envelope of u(t) with respect to the 1007t carrier is f.1,1(t). The
complex envelope of h(t) with respect to the 1007t carrier reference is lp, 567/ (t). The complex
envelope of the filter output is therefore given by

_1. - . —J
y=gux * h = —I[ 1,1(8) * —5103)(t) = 710(’5)
where p(t) = l-11* lo3is a trapezoidal pulse. The equivalent passband signal is [Sketch omitted|]

y(t) = Re(§e™™*#) = Re(5p(t)e™~/?) = Zp(t)sin(100m)

Problem 2.20 Consider the following two passband signals:
up(t) = sinc(2t)cos100mt

and
vp(t) = sinc(t)sin(101ntt + mt/4)

(a) Find the complex envelopes u(t) and v(t) for u,and v,, respectively, with respect to the frequency
reference f.= 50.

(b) What is the bandwidth of wu,(t)? What is the bandwidth of v,(t) ?
(c) Find the inner product hup,v,i, using the result in ((a ).
(d) Find the convolution y,(t) = (up* v,)(t), using the result in ((a ).

Solution 2.20 (a) For a frequency reference of f.= 50, or a phase reference of 100mt, the complex
envelope of uy(t) can be read off as u(t) = sinc(2t). The complex envelope of v,(t) with respect
to 1017t + z can be read off as v7(t) = —jsinct. Switching the reference to 100t means retarding

it by 7t + z hence we must advance the complex envelope by that amount to get

v(t) = —jsincte’ T = gincte? ™1
as the complex envelope with respect to 100rt.
(b) The bandwidth of the passband signal equals the two-sided bandwidth of the complex enve-
lope. We have U(f) = 3I_14(f ), which has two-sided bandwidth 2, and V(f) = e 73 1o y(f
, which has two-sided bandwidth 1. Thus, u,has bandwidth 2 and v, has bandwidth 1.



(c) The passband inner product is related to the complex baseband inner product as follows:

1
(Up, V) = §Re(u, v)

Since the complex envelopes are bandlimited, it is convenient to use Parseval’s identity to compute the

inner product in the frequency domain:

(u,v) = (U, V) :/ HV(Hdf = f A1 41[011(f)df=6374

We therefore obtain

1o (et 1 7 1
(up,vp)ziRe( 5 ) ZZCOSZ=4—\/§

d) The convolution y,(t) can be obtained using the Fourier transform of complex envelopes X(f) and

Y(f):

Y(f) =1U(HV(f) = M1, (FH)Ipy(f)e?™* = Loy (f)e /4
y(t) = F1 [%I[_%’;]( 1e” 37’/4] smc(t)e’("'t m/4)
yp(t) = Re(y(t)e?1%™) = Re(Lsinc(t)e? 10+ =%)) = Lsinc(t) cos(101mt —

i)

Problem 3.1 Figure 3.45 shows a signal obtained after amplitude modulation by a sinusoidal message.
The carrier frequency is difficult to determine from the figure, and is not needed for answering the
questions below.

(a) Find the modulation index.

(b) Find the signal power.

(c) Find the bandwidth of the AM signal.
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Figure 3.45: Amplitude modulated signal for Problem 3.1.
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Solution 3.1(a) The AM signal is given by
u(t) = (Ac+ m(t))cos2nt.t

where m(t) = Acos2nfqt. The largest negative excursion of this message has magnitude A, so that
the modulation index is ams = A/Ac. The largest value of u(t) is Ac+ A = 30, and the smallest
value is Ac— A = 10, so that Ac.= 20, A = 10, and the modulation index is 0.5.

(b) The power is given by

u2 = (Ac + m(t))? cos2(2nfct) = (A, + m2(t) + 24,m(t))(1 + cos4nf.t)/2

— 1
= A /2 + m2/2 + A;m + E(ACZ + m2(t) + 24.m(t))cos4nf.t
The term involving cos4rnf.t is passband around 2f;, and hence has zero DC value. We also have

m? = A?/2 andm = 0 for our sinusoidal message, so that the power is given by

_AZ+A%/2 400450
=t —

2

225

Power,P, = u

(c) We see from the figure that the envelope has period 0.5 ms, i.e., our sinusoidal message has
frequency 2 KHz. Thus, the bandwidth of the AM signal is 4 KHz.

Problem 3.2 Consider a message signalin(t) = 2cos 27t + %)

(a) Sketch the spectrum U(f) of the DSB-SC signal u,(t) = 8m(t)cos400mt. What is the power

of u?

(b) Carefully sketch the output of an ideal envelope detector with input u,. On the same plot, sketch
the message signal m(t).

(c) Let v,(t) denote the waveform obtained by high-pass filtering the signal u(t) so as to let through
only frequencies above 200 Hz. Find vc(t) and v(t) such that we can write

vp(t) = v(t)cos400mt — v(t)sin400mt
and sketch the envelope of v.
Solution 3.2(a) We have
m(t) = 2 cos(2nt + %) = I THY) 4 e ICTY) o M(f) = ?56(f — 1) + e 745(f + 1)

For the DSB signal, we have u(t) = 8m(t)cos400rtt = 4m(t)e*™ + 4m(t)e *" o U(f) = 4AM(f —
200) + 4M(f + 200) which is sketched in Figure 5.
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Power of u, P, = %a,zmdm%(t) = u%)lfnod(O.S) = 64
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Figure 5: Spectra of message and DSB signal (Problem 3.2).

(b)  The output of the envelope detector is 8| m(t)|, which is a rectified version of the message
(illustrating that envelope detection does not work for extracting the message from a DSB signal).
Plot omitted.

(©) The spectrum of the passband signal and its complex envelope with respect to 200 Hz are
sketched in Figure 6. Thus, the complex envelope is given by

V(f) =8e15(f — 1) « v(t) = 87+ D)
Taking the real and imaginary parts of v(t), we obtain the | and Q components of the USB signal
s s
v.(t) = 8cos(2mt +Z)' vs(t) = 8sin(2nt +Z)

(We decided to do this from scratch, but we could have used the expression for a USB signal in terms
of the message and its Hilbert transform given in the text.)
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Figure 6: Spectra of the USB signal and its complex envelope (Problem 3.2).



