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Solutions to Problem Set 6

Problem 5.3 We have Y ~ Ezp(1) if 0 sent, Y ~ Ezp(3) if 1 sent, and P[0 sent] = 1 —
PJ[1 sent] = 0.6. Recall that the complementary CDF of an exponential random variable is given
by P[Ezp(u) > z] = e #*, z > 0.

(a) P[Y > 5|0 sent] = e™°.

(b) P[Y > 5|1 sent] = e 10 = ¢~ 3.

(c) Using the law of total probability,

P[Y > 5] = P[Y > 5|0 sent] P[0 sent]+ P[Y > 5|1 sent]P[1 sent] = e ®x0.6+¢ 2 x0.4 = 0.2467
(d) Using Bayes’s rule,

P[Y > 5|0 sent|P[0 sent] e x 0.6

= = 0.0164
P[Y > 5 0.2467

P[0 sent|Y > 5] =

(e) Using Bayes’ rule,

P[0 sent|Y = 5] = pY|0(5|£)),1(';[)0 sent]

where, for y > 0, we have the conditional densities py|o(y|0) = e™¥ and py1(y|1) = lloe‘i%, and
the unconditional density

il

1
Py (¥) = py0(y|0) P[0 sent] + py|1(y|1)P[1 sent] = 0.6 + 0.41—06 10

Plugging these in, we obtain

-5 % 0.6
P[0 sent|Y = 5] = ¢ X0 — 0.1428
e % x 0.6+ %e_ﬁ x 0.4

Problem 5.6 (a) Using Bayes’ rule and the law of total probability, the posterior probabilities
are given by

Py =y|X =0]P[X =0] P[Y = y|X = 0]P[X = (]

PX=0l¥ =9| = =
[ | Y] PlY =1y] PlY =y|X =0]P[X =0]+ P[Y = y|X = 1|P[X =1]
For 0, 1 equally likely, this reduces to

PlY =y|X =0]
[Y =y|X =0]+ PlY =y|X = 1]

PIX =0¥ =9 = P 0, 1 equiprobable

which gives

1—p—ag—
Lp—gr — 0917 y=+3

I =0.75 y=+1
P[X:OIY:y]: Ttq
r4e =025 y=—1
q—r



(b) The LLRs are given by L(y) = log% = log %, and can therefore be

calculated by plugging in answers from (a). However, it is worth noting that they can also be

written as
_ P[Y=y|X=0]P[X=0 P[Y=y|X=1]P[X=1
L@y_mg([ e ])/<[ bl ])
P[Y=y|X=0 P[X=0
P{Y:;X:d + log P{X:l}

= log

Thus, the LLR is a sum of two terms, one corresponding to the transition probabilities { P[Y =
y|X = i]} and one to the prior probabilities { P[X = ¢]}, where i = 0, 1. For equiprobable priors,
the second term is zero, hence the LLRs are given by

log%=24 y=+3

Py =yX=0 | I=11 y=+1
L — 1 — q
W) =loe sy k=1 =) =11 y=—1
p — [
o = 24 y=-3

(c) Since the channel uses are conditionally independent, the required conditional probabilities
are given by

= PY1 = yi| X = i|P[Ys = 9o|X = i]P[Y3 = y5| X =], i=0,1
For y = (+1,+3, —1)T, we get
PlY=y|X=0=r(1-p—q—r)g=0.0165, P[Y =y|X =1]=qgpr=0.0015

(d) We replicate the argument in (a) to emphasize that the key ideas apply to vector observations
gathered over multiple channel uses as well. Using Bayes’ rule, we have

PlY =y|[X =0]P[X =0] PIY = y|X = 0]P[X = (]
PIY =]  PI[Y=y|X=0]P[X =0+ P[Y =y|X = 1]P[X = 1]

For 0, 1, equiprobable, we have

PIX=0]Y =y] =

PlY = y|X = 0]

PWszZﬂ:pW:ﬂX:m+HY=ﬂX=H

= 0.917 0, 1 equiprobable

where we have used the results of (d). As before, the LLR can be written as

PX =0]Y =] PlY =y|X =0 P[X =0
V) =los o v =y T Py Sy v =1 TP =]
Thus, for equal priors, we have
Y=y X=0 _ ) rl=p=a=rj l-p—q—r _

L(y) = log 2.4

= log = log
PlY =y|X =1] qpr

Remark: Actually, for independent channel uses, we can write the LLR as

G PY =X =0 P[X = 0]
L) =2 sy =] e B =]

so that the contributions from the different channel uses and the priors simply add up. This
illustrates why the LLR is an attractive means of combining information from prior probabilities
and observations.

(e) Since the posterior probability of 0 is much higher than that of 1, we would decide on 0 based
on the channel output +1,+3,-1.



Problem 5.13: While all the derivations in this problem are there in the text and other
problems, we do them from scratch here in order to reinforce the concepts.

(a) Since Ujand U, are independent, so are Z — —2InU; and © — 27 Us. Clearly, © is
uniform over [0,27]. Since U; takes values in [0,1], the random variable Z takes values in
[0,00). TheCDF of Z is given by

P|Z <z]=P|-2U,<z]=P[U;>e */)=1—e—*/2 2>0

We recognize that 7~ Exp(%), or an exponential random variable with mean E[Z] = 2.

Remark: This provides a good opportunity to emphasize that one does not always have to
write down explicit expressions for the joint CDF or density in order to specify the joint
distribution. Any specification that would allow one to write down such expressions if
needed is sufficient. In the preceding, we provided such a specification by stating that Z

and © are independent, with Z NEXp(%) ) and © ~ Unif[0,27].

(b)Let us do this from scratch instead of using results from prior examples and problems.

p(Z,Q)Zp(Z)p(Q)Z%6_2/2%,220,0§9§27T (1)
and
p(z,9) e
p(xlm) |det( (331,272;2’,9)” e=aitasf=tan 17? (2)
where the Jacobian can be computed as
0 ——=sinfd
J(x1,x9: 2,0) = QWCOS 2\fsm

—+/zsinf /zcosb

so that det(J(x1,x2;2,0)) = %COSQQ + 5sin 20 = Plugglng this and (1) into (2), we obtain

that the joint density of X;1X» is glven by

—(21+23)/2

p(l'lw’fQ):—e , —00 < X1, T2 < OO

We recognize that this is a product of two N (0,1) densities, so that X1, Xo arei.i.d. N(0,1)
random variables.

(c) A code fragment using the preceding to generate N(0,1) random variables is provided
below, and the histogram generated is shown in Figure 1.

Figure 1. Histogram based on 2000 N(0,1) random variables generated using the method in
Problem 5.13.



%generating Gaussian random variables from uniform random variables
N=1000; %half the number of Gaussians needed

%generate uniform random variables

Ul = rand(N,1);

U2 = rand(N,1);

Z = -2x1log(Ul); %exponentials, mean 2 theta=2*pixU2; ¥ uniform over [0,2
pil

%transform to standard Gaussian

X1=sqrt(Z).*cos(theta);

X2=sqrt(Z).+*sin(theta);

X = [X1;X2]; %2N independent N(O,1) random variables hist(X,100);
%histogram with hundred bins

(d) We estimate E[X?| as the empirical mean by adding the following code fragment:
estimated_power = sum(X."2)/(2#N)

The answer should be close to the theoretical answer E[X?] = var(X) + (E[X])?>=1 + 0%=
1.

(e) The desired probability P[X3+ X > 3] can be estimated by adding the following code
fragment.

E = (X."3 + X > 3); %indicates whether the desired event occurs
probability = sum(E)/(2#N) %counts fraction of times desired event
occurs

We get an answer of about 0.11.
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Figure 3: Conditional error probabilities for the MAP rule (as a function of m) for Problem 6.5.

Problem 6.5 The log likelihood ratio is given by

ppe” Y Ha
lO L = = — 10 _
g L(y) e (o — 1)y + log 1o

where py = 1/4, o = 1. Plugging in, we obtain log L(y) = 2y — log4. The MAP/MPE rule

H,y
> o o
log L log— =1
og L(y) _ og - =log
Hy
therefore simplifies to
H,y
> 4 471'0
Y - glog [p— Yvap MAPrule
Hy

Since y > 0, the MAP rule always says H; if yy4p < 0, which happens if the argument of the

log is less than (or equal to) one: 14_—7;00 <1,o0rm < %

(b) From (a), we see that for my < %, the conditional error probabilities are given by Fyo = 1
and F,; = 0, since the MAP rule always says H;.

For my > %, we have vprap > 0, and the conditional error probabilities are given by

_41pe AT 1— 4/3
Pojo = PlY > yaap|Ho) = e HOM4P = ¢ SR = ( 4 WD)
o
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