Problem 6.1
(a) Let Z = (y* h)(ty), where h(t) = s(—t). Then Z ~ N(m,v?) if 1 sent, and Z ~ N(0,v?) if 0
sent, where

1
v? = d?||h||? = 024/ t2dt =
0

1
m = (sxh)(ty) = /s(t)s(t — to)dt = / t(1—t)dt ==
0
Thus, for the ML decision rule

using the fact that we must have
|m| Ly
a RS
2v NO
(why?) where a is a constant determined by substituting £, = 1|s]|> = 2 and Ny = 202
(b) We can improve the error probability by sampling at t, = 0. We then have m = ||s||* = 1,
while v? is as before. This gives, reasoning as in (a),

n=o(5)-o (/%)

the usual formula for the performance of optimal reception of on-off keying in AWGN.

(c) For h(t) = Ip9, we again have the same model for the decision statistic Z = y * h(to), but
with v? = o?||h||> = 202, and m = (s * h)(ty). The performance improves with |m|, which is
maximized at tp = 2 (m = 1) or to = 4 (m = —1). We therefore get that, for the ML decision

rule,
Im| 3E
r=0(3)- Q(vs—zvo>

(d) Note that we can approximate the matched filter s(—t) using linear combinations of two
shifted versions of h(t) = Ij g, by approximating triangles by rectangles. That is, the matched

filter shape is approximated as h(t) = h(t+2) — h(t+4). Thus, we can use the decision statistic
Z = (y*h)(0) = (y = h)(2) = (y * h)(4)
We now have Z ~ N(m,v?) if 1 sent, and Z ~ N(0,v?) if 0 sent, where
v? = o?||h||* = 402
m = (s % h)(0) =

As before, we can enforce the scaling with % to get

nee ()=o)



This is 3 dB better than the performance in (c), and 1.25 dB worse than the optimal receiver in

(b).

Problem 6.3 — The conditional densities and decision regions are sketched in the following
figure (not to scale). The threshold satisfies p(y|1) = p(y|0), or
1 v [y — 1

¢ 4

which yields y = /3 log(2) — log(r) ~ .97




Problem 6.12 (a) The conditional densities and ML regions are sketched in Figure 6. We
have p(y|0) = %e_y/ *li0.00)(y) and p(y|l) = 151j010(y). The ML decision regions are given
by I't = {y:py[l) >p(y|0)} and I'y = {y: p(y|l) < p(y|0)}, with crossover point given by
Le=v/5 = L which gives y = 5log 2 & 3.47. We can also write the ML rule as

5 10
Bl = 1, blog2 <y <10
MIXI) = 0, else
(b) The conditional error probability is given by

g T | _
g 21082/5 _ o~10/2 — _ _ o=2 — ().3647

P,y = P[Y €Ty |Ho) = P[5log2 < Y < 10|Hg] = -
IS N_p(yl0)
p(y|1)
1/10 |
| r y
I T ] r,

5log2=3.47

Figure 6: Conditional densities and ML decision regions for Problem 6.12.

(¢) The posterior probability for Y = 4 is given by

1
A mop(y[0) _ _ 35
PUH|Y =y| = mop(yl0)+(1=mo)p(y[l) — = e~/ +2

= (.31



Problem 6.14 (a) The ML rule

H,
- = 219 7 | = 279
(v, 51) = [all°/2 _ (y,50) — |[s0["/2
Hy
specializes to
H,
>
Y, s 0
(¥, s1) <
Hy
for s) = —sy. Thus, it can be implemented by correlating the received signal against s (f) and
then deciding based on the sign of the output. The conditional error probability is given by
-5 ; ; z 1 < :
Py = Q (g2}, Now, [|si — soll = [[2a1]] = 2l[sall, [lsa]P = 2 f;'(L — #)%dt = 2/3, and

o0 = 0.1, so that

A (2v28) N\
Pp=Q ( Qm) =i ( 20/3) — 0.0049

(b) Conditioned on sq sent, y(t) = so(t)+n(t). Let us compute the signal and noise contributions
separately. The noise output ng = f__lo"S n(t)dt has variance o* f__lg's 12dt = 0 /2. The other noise
components are independent and have identical variance, since they are computed over disjoint
intervals of equal length. Thus, n; are ii.d., N(0,02/2). The signal contributions are given by
integrating sg(t) over these intervals. It is easy to see, therefore, that y ~ N(sy, %QI), where
so = —(1/8,3/8,3/8,1/8)T.

(c) Since the signals under the two hypotheses are negatives of each other, we infer from (b)
that the signal model after discretization is y ~ N(SI,‘T—;I} conditioned on s; sent, and y ~
N(sg = —8, %QI], where s; = (1/8,3/8,3/8,1/8)". Thus, we are hypothesis testing in discrete
time WGN with variance 62 = ¢2/2. Thus, the ML rule is given by

Hy
(vys1) = [Isall*/2 (> 80) — llsol [*/2
Hy
which specializes to
H,
1 ) >
(vis1) =g(0+3y1+3e +13) _ 0
H,

Simplifying, our ML rule is
H,

_ _ >
Yo+3y1+3y2+ys _ 0
Hy



The conditional error probability is given by the standard expression for WGN: F,jp = @ ('Slbo ) ;

where we must use the variance of the discrete time WGN obtained after discretization. As be-
fore, ||sy — so|| = |12s1]| = 2||s1|]. We have ||si||* = & (1 +9+ 9+ 1) = =, so that

2./5/16
V510 _ a5y = 0.0062
2\/01/2

(only a small degradation relative to ML performance for the original continuous time system).
(d) For observation Z = yo + 41 + y2 + y3, adding the signal components and the noise variances,
we obtain that Z ~ N(1,406% = 20?) if s; is sent, and Z ~ N(—1,202) if s¢ is sent. This falls
within the basic Gaussian format, and the conditional error probability is given by

B =0 (@) = 12_\/(2_'21)) = Q(v/5) = 0.0127

(e) Smallest error probability is in (a), largest is in (d). We could have rank ordered without
explicit computation. The probability in (a) is the best achievable, since we are implementing the
ML rule for the original continuous time observation. We lose some performance in discretizing as
in (b), because we are not doing optimal processing of the continuous time signal (which we know
is to correlate with s;). We lose further performance in (d), because we are not implementing
the ML rule for the discretized signal y.

PE\O:Q

Problem 6.16 (a) The ML rule

H,
210 = 12 /s
(v, 51) = [1ll°/2 _ (g, 50) = [|s0][7/2

H,

can be implemented by a single correlator as follows:
H,
oy > s = Tlsol?
<y, S1 .S(_]) < 5

H 0



The correlator a(t) = sy(t) — sg(t) is sketched in Figure 8. We have ||sy]|* = 2 and ||so||* =

2 [ #2dt = 2/3, so that the threshold vy, = Ltl=lsell — (2 _9/3) /5 — /3,

(b) Note that E, = £ (||s1]* +|]s0|[*) = 5 (2 + 2/3) = 4/3 and
d? = ||s1 — so||* = ||51][* + ||50]* — 251, 50) =2 +2/3 — 2(—1/2) =5/3
so the power efliciency ;_E—: == % The ML rule has error probability
d? B, ] S5E
SR
(¢) The MPE rule is given by
Hy
(y, 51) — ||51]/2 + o? log my z (y, s0) — ||50||>/2 + 0% log mp
Hy

and can be implemented using the same correlator as the ML rule, but with the threshold
adjusted to account for the priors:

H
T

Isall® = llsoll® | 2, ™o ;
= 3 +0’ JOgE =YL +0° 10!‘:55

>
(9‘31—5’@ - M PE

Hy

For my = % the threshold is therefore given by vyirpr = Yarr — 02log 2 = 2/3 — 0.69302

(d) For h(t) = Ipy(t), filter-and-sample is the same as integrate and dump: (y x h)(t) =
J,_, ty(r)dr. The samples at t = 1, 2, 3 correspond to different intervals of unit length, hence the
noise outputs are i.i.d. N(0,0%). The signal outputs (s; * h)(t) = [,_, ts(r)dr for t = 1,2,3 are
easily computed and form the vectors: s; = (0,1, 1)" and sy = (—1/2,—-1/2,0)". The conditional
distribution of Z given 0 sent is therefore N(sg, o°I).

(e) Actually, since the noise is uncorrelated, this is not really challenging as promised. This is
simply signaling in discrete WGN, and the ML rule is given by

H,
(Z,s1) — ||s1]]%/2 Z (Z,s0) — ||s0]|%/2
Hﬁ
which simplifies to
H,
(Zosi—so) _ {(IIsil]* = [Isoll)/2
Hy
Plugging in the numbers, we obtain
H,

il 3 >
EZ1 +§ZQ+Z’3 = 3/4
H,



The error probability for ML reception is discrete WGN is given by

-Pe _ (2 (HSlQ_O-SUH) _ CJ

where d? = ||s; — sg||? = 7/2 is for the discretized system, but E, = 4/3 for the original
continuous time system, computed in (a). (Note that the scaling is such that the noise variance
per dimension is the same in both systems, otherwise we would have to account for that.) We

have d*/E, = 21/8, so that

Pe:Q




