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ECE 146B: Solutions to Problem Set 1

Problem 5.1(a) The event that we get a sum of 10 can be written as

E ={(6,4),(55), (4,6)}

where the outcome (a,b) denotes getting a on the first throw and b on the second. Given that
we pick the unfair die, the conditional probability of the event is therefore given by

P[E|unfair] = P[(6,4)|unfair] + P[(5, 5)|unfair|] + P[(4, 6)|unfair|
= (1/2)(1/10) + (1/10)(1/10) + (1/10)(1/2) = 155

(b) Using Bayes’ rule and the law of total probability,

P[E|unfair| Plunfair] P[E|unfair] P[unfair]

Plunfair| E] = =
[unfair| £] PE] P[E[unfair] Plunfair] + P[E|fair] P[fair]

Since we pick between the fair and unfair die at random, we have p[unfair] = Plfair] = 1, so that

P[E|unfair]
[E|unfair| + P[E|fair]

Plunfair|E] = iz

It remains to find the conditional probability of getting a sum of 10 given that we pick the fair
die:

1
P[E|fair] = P[(6,4)|fair] + P[(5, 5)|fair] + P[(4, 6)|fair] = 3 (1/6)2 =13
We therefore obtain
11/100 33

Plunfair| ] = =
nfairl Bl = 199001712 ~ 58

Problem 5.2 Let F' denote the event that a student fails (hence F° is the event that the student
passes), and S denote the event that a student studies (hence S¢ is the event that the student
does not study. We are given that P(F*°|S) = 0.9 (hence P(F|S)=1-0.9=0.1), P(F|S°) =0.9
(hence P(F*|S¢) =1—-0.9=0.1), and P(S) = 0.7 (hence P(S°) =1— 0.7 =0.3).

(a) By the law of total probability,

P(F) = P(F|S)P(S) + P(F|S°)P(S°) = 0.1 x 0.7+ 0.9 x 0.3 = 0.34

(b) By Bayes’ rule, the conditional probability that a student that failed studied for the exam is
given by
P(FIS)P(S) 01x07 7

P(F) 034 34
(c) T7he conditional probability that a student that failed did not study is P(S¢|F) = 1—P(S|F) =
1—- L =27,

34 — 34
(d) Yes, since conditional probabilities obey the same rule as probabilities, as long as we are
conditioning on the same event.
Remark: On the other hand, we would not expect P(S|F) and P(S°|F°) to add up to one,

P(S|F) =



since we are conditioning on different events. To see this, let us use Bayes’ rule to compute the
probability that a student that passed did not study:

pen  P(FYS9P(S)  01x03 1
PSF) = P(Fe) T 1-034 22

Adding this to the result of (b) does not have the interpretation of adding the probabilities of
complementary events (and, indeed, gives a result unequal to one), since we are conditioning on
different events.

Problem 5.3 We have Y ~ Exp(1) if 0 sent, Y ~ Exp(s;) if 1 sent, and P[0 sent] = 1 —
PI1 sent] = 0.6. Recall that the complementary CDF of an exponential random variable is given
by P[Exp(p) > z] = e #*, 2z > 0.

(a) P[Y > 5|0 sent] = e™>.

(b) P[Y > 5|1 sent] = e"10 = e 3.

(c) Using the law of total probability,

P[Y > 5] = P[Y > 5|0 sent] P[0 sent]+P[Y" > 5|1 sent]P[1 sent] = ¢~° x0.6+€e2x0.4 = 0.2467
(d) Using Bayes’s rule,

Py P[0 sent] e x 0.
P[0 sent|Y > 5] = [>§g§ﬁgmsmdzeuﬁé6:0mm

(e) Using Bayes’ rule,
Py10(5]0) P[0 sent]

py(5)

where, for y > 0, we have the conditional densities pyo(y|0) = e™¥ and py1(y[1) = Ee_%v and
the unconditional density

P[0 sent|Y = 5] =

1
py (y) = pyo(y|0) P[0 sent] + py i (y|1)P[1 sent] = 0.6e™Y + 0.41—06_%

Plugging these in, we obtain

5% 0.6
P[0 sent|y = 5] = ¢ x0 — 0.1428
e x 0.6+ g5 10 x 0.4

Problem 5.6 (a) Using Bayes’ rule and the law of total probability, the posterior probabilities
are given by

PlY = y|X = 0]P[X = 0] PY = y|X = 0]P[X = 0]

PIX =0y =y| = PlY = 4] T PY =y|X = 0]P[X = 0] + P[Y = y[X = 1]P[X = 1]

For 0, 1 equally likely, this reduces to

PlY = y|X = 0]

0, 1 equiprobable
PIY = y[X = 0] + P[Y = y[X = 1] AP

PIX =0)Y =y] =

which gives
P9t — 0917 y = +3

1—q—r
— =0.75 y=+1
P[X:O|Y:y]: r+q
%g =0.25 y=—1
b =0083 y=-3



(b) The LLRs are given by L(y) = log% = log %, and can therefore be

calculated by plugging in answers from (a). However, it is worth noting that they can also be

written as
o P[Y =y| X=0] P[X=0] PlY =y| X=1]P[X=1]
Ly) = log[( | yf?[Y=y} [ ) /} ( Plv=y )
PY=y|X=0 P[X=0
= log pry=yx=11 * 108 i3]

Thus, the LLR is a sum of two terms, one corresponding to the transition probabilities { P[Y" =
y|X =]} and one to the prior probabilities { P[X = i]}, where ¢ = 0, 1. For equiprobable priors,
the second term is zero, hence the LLRs are given by

logl_’)p#:Zél Yy =43

Py =yx=0 ) =11 y=+1
L :l = q
W) =los o=y X =1 7| f=-11 y=—1
—r—=-24 y=-3
p—q—r

(c) Since the channel uses are conditionally independent, the required conditional probabilities
are given by

PlY =y|X =i = P[Y1 =y, Y2 = 42, Y3 = 3| X =]
= PlY1 = yi|X =i|P[Ya = po|X = i|P[Ya = | X =], i=0,1
Fory = (+1,+3, —1)T, we get
PlY=y|[X=0=r(1—p—q—7)g=0.0165, P[Y =y|X =1] = gpr = 0.0015

(d) We replicate the argument in (a) to emphasize that the key ideas apply to vector observations
gathered over multiple channel uses as well. Using Bayes’ rule, we have

PlY = y|X = 0]P[X = 0] PlY = y|X = 0]P[X = 0]

PIX =0Y =y] = -

PIY = y] PIY = y|X = 0]P[X = 0] + P[Y = y|X = JP[X = ]

For 0, 1, equiprobable, we have
PlY =y|X =0]

PR =0 =y = s X ot Py =y X = 1]

=0.917 0, 1 equiprobable

where we have used the results of (d). As before, the LLR can be written as

L(y) = log PLX =0Y =y] _ log PlY =y|X =0] + log %

PX=1Y—y] ®PY—yX-1
Thus, for equal priors, we have

Y =y|X =0 r(l—p—q—r)g l—p—q-—r
L(y) = log = log =log——
) PlY =y|X =1] ( qpr

Remark: Actually, for independent channel uses, we can write the LLR as

=24

Ny PY =wmlX =0 PIX =0
L) = 2 o8 ply—y =] T A=)

so that the contributions from the different channel uses and the priors simply add up. This
illustrates why the LLR is an attractive means of combining information from prior probabilities
and observations.

(e) Since the posterior probability of 0 is much higher than that of 1, we would decide on 0 based
on the channel output +1,+3.,-1.



Problem 5.13: While all the derivations in this problem are there in the text and other
problems, we do them from scratch here in order to reinforce the concepts.

(a) Since Ujand Ug are independent, so are Z = —2InU; and © = 27Usg. Clearly, © is
uniform over [0,27]. Since U; takes values in [0,1], the random variable Z takes values in
[0,00). TheCDF of Z is given by

P|Z <z]=P[-2InU, <z]=P[U;>e */}=1—e—*/2 2>0

We recognize that Z~ Exp(%), or an exponential random variable with mean E[Z] = 2.

Remark: This provides a good opportunity to emphasize that one does not always have to
write down explicit expressions for the joint CDF or density in order to specify the joint
distribution. Any specification that would allow one to write down such expressions if
needed is sufficient. In the preceding, we provided such a specification by stating that Z

and O are independent, with Z NEXI)(%) ) and © ~ Unif[0,27].
(b)Let us do this from scratch instead of using results from prior examples and problems.

Pz, 0)=p()p(0)= ¢~/ 520,002 1)

and

B p(z,0)
p(z122) = |det(J(x1, z2; 2,0))]

z:z%Jrz%,G:tan*l% (2)

where the Jacobian can be computed as

L cosh L sind
J(xlv xT2; %, 9) = 2z 2Vz

—y/zsinf /zcosf
L

so that det(J(x1,22;2,60)) = 2(:052«9 —|—%sin29 :%. Plugging this and (1) into (2), we obtain

that the joint density of X;X5 is given by

p(z1, w2) = e (rt+ad)2

5 , —o00 < T, T2 <0
i

We recognize that this is a product of two N (0,1) densities, so that X1, X9 areii.d. N(0,1)
random variables.

(¢) A code fragment using the preceding to generate N(0,1) random variables is provided
below, and the histogram generated is shown in Figure 1.

-

Figure 1. Histogram based on 2000 N(0,1) random variables generated using the method in
Problem 5.13.



hgenerating Gaussian random variables from uniform random variables
N=1000; %half the number of Gaussians needed

hgenerate uniform random variables

Ul = rand(N,1);

U2 = rand(N,1);

Z = -2x1log(U1); %exponentials, mean 2 theta=2*pixU2; ’ uniform over [0,2
pil

Jstransform to standard Gaussian

X1=sqrt(Z) .*cos(theta) ;

X2=sqrt(Z).*sin(theta);

X = [X1;X2]; %2N independent N(0,1) random variables hist(X,100);
%histogram with hundred bins

(d) We estimate E[X?] as the empirical mean by adding the following code fragment:
estimated_power = sum(X."2)/(2*N)

The answer should be close to the theoretical answer E[X?] = var(X) + (E[X])?= 1 + 0%=
1.

(e) The desired probability P[X3+ X > 3] can be estimated by adding the following code
fragment.

E=(X."3+ X > 3); %indicates whether the desired event occurs
probability = sum(E)/(2#N) Jcounts fraction of times desired event
occurs

We get an answer of about 0.11.



