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ECE 146B: Solutions to Problem Set 4
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Solutions to Chapter 6 Problems
Introduction to Communication Systems, by Upamanyu Madhow

Problem 6.1
(a) Let Z = (y ∗ h)(t0), where h(t) = s(−t). Then Z ∼ N(m, v2) if 1 sent, and Z ∼ N(0, v2) if 0
sent, where

v2 = σ2||h||2 = σ24

∫ 1

0

t2dt =
4

3
σ2

m = (s ∗ h)(t0) =
∫

s(t)s(t− t0)dt =

∫ 1

0

t(1− t)dt =
1

6

Thus, for the ML decision rule

Pe = Q

( |m|
2v

)

= Q

(

1

8

√

Eb

N0

)

using the fact that we must have
|m|
2v

= a

√

Eb

N0

(why?) where a is a constant determined by substituting Eb =
1
2
||s||2 = 2

3
and N0 = 2σ2.

(b) We can improve the error probability by sampling at t0 = 0. We then have m = ||s||2 = 4
3
,

while v2 is as before. This gives, reasoning as in (a),

Pe = Q

( |m|
2v

)

= Q

(

√

Eb

N0

)

the usual formula for the performance of optimal reception of on-off keying in AWGN.
(c) For h(t) = I[0,2], we again have the same model for the decision statistic Z = y ∗ h(t0), but
with v2 = σ2||h||2 = 2σ2, and m = (s ∗ h)(t0). The performance improves with |m|, which is
maximized at t0 = 2 (m = 1) or t0 = 4 (m = −1). We therefore get that, for the ML decision
rule,

Pe = Q

( |m|
2v

)

= Q

(

√

3Eb

8N0

)

(d) Note that we can approximate the matched filter s(−t) using linear combinations of two
shifted versions of h(t) = I[0,2], by approximating triangles by rectangles. That is, the matched

filter shape is approximated as h̃(t) = h(t+2)−h(t+4). Thus, we can use the decision statistic

Z = (y ∗ h̃)(0) = (y ∗ h)(2)− (y ∗ h)(4)

We now have Z ∼ N(m, v2) if 1 sent, and Z ∼ N(0, v2) if 0 sent, where

v2 = σ2||h̃||2 = 4σ2

m = (s ∗ h̃)(0) = 2

As before, we can enforce the scaling with Eb

N0
to get

Pe = Q

( |m|
2v

)

= Q

(

√

3Eb

4N0

)



3 dB better than the performance in (c), and 10 log10
4
3
= 1.25 dB worse than the optimal receiver

in (b).

Problem 6.2 (a) We have

p(y|1) = e−(y−2)2/18

√
18π

p(y|0) = e−(y+2)2/8

√
8π

The optimal rule consists of comparing the log likelihood ratio to a threshold. The log likelihood
ratio can be written as

logL(y) = log p(y|1)−log p(y|0) =
{

−(y − 2)2/18− 1

2
log(18π)

}

−
{

−(y + 2)2/8−−1

2
log(8π)

}

which has the desired quadratic form. Simplifying, we get

logL(y) =
5y2 + 52y + 20

72
− log 3/2

(b) For π0 = 1/4, we compare logL(y) to the threshold log π0

π1
= − log 3. Simplifying, we obtain

the MPE rule

5y2 + 52y

H1

>
<
H0

− 72 log 2− 20 = −69.9

(c) The conditional error probability is given by

Pe|0 = P [5Y 2 + 52Y + 69.9 > 0|H0]

The roots of the quadratic 5y2 + 52y + 69.9 are α1 = −1.6 and α2 = −8.8, hence we can write
the conditional error probability as

Pe|0 = P [(Y − α1)(Y − α2) > 0|H0] = P [Y > −1.6|H0] + P [Y < −8.8|H0]

= Q
(

−1.6−(−2)√
4

)

+ Φ
(

−8.8−(−2)√
4

)

= Q(0.2) + Φ(−3.4)

= Q(0.2) +Q(3.4)

Problem 6.3: The conditional densities and decision regions are sketched in Figure 1 (not to
scale). The threshold γ satisfies p(γ|1) = p(γ|0), or

1√
2π

e−γ2/2 =
1

4

which yields γ =
√

3 log(2)− log(π) ≈ 0.97.

Problem 6.4 (a) We have p(z|0) = 1
2
e−|z| and p(z|1) = 1

2
e−|z−4|, so that the log likelihood ratio,

sketched in Figure 2, is given by

K(z) = log
p(z|1)
p(z|0) = |z| − |z − 4| =







4, z > 4
2z − 4, −4 ≤ z ≤ 0
−4, z < 0

2
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Figure 1: Conditional densities and decision regions for Problem 6.3.
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Figure 2: Log likelihood ratio for Problem 6.4.
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(b) The conditional error probability given 1 is

Pe|1 = P [Z < 1|H1] =
∫ 1

−∞ p(z|1)dz =
∫ 1

−∞
1
2
e−|z−4|dz

= 1
2

∫ 1

−∞ ez−4dz = e−3/2 = 0.025

(c) The region z < 1 can be written as K(z) < −2. The MPE rule compares K(z) to log π0

π1
.

Thus, the rule in (b) is the MPE rule if log π0

π1
= −2, which yields π0 =

1
e2+1

≈ 0.12.
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Figure 3: Conditional error probabilities for the MAP rule (as a function of π0) for Problem 6.5.

Problem 6.5 The log likelihood ratio is given by

logL(y) =
µ1e

−µ1y

µ0e−µ0y
= (µ0 − µ1)y + log

µ1

µ0

where µ1 = 1/4, µ0 = 1. Plugging in, we obtain logL(y) = 3
4
y − log 4. The MAP/MPE rule

logL(y)

H1

>
<
H0

log
π0

π1

= log
π0

1− π0

therefore simplifies to

y

H1

>
<
H0

4

3
log

4π0

1− π0
= γMAP MAPrule

Since y ≥ 0, the MAP rule always says H1 if γMAP ≤ 0, which happens if the argument of the
log is less than (or equal to) one: 4π0

1−π0
≤ 1, or π0 ≤ 1

5
.

(b) From (a), we see that for π0 ≤ 1
5
, the conditional error probabilities are given by Pe|0 = 1

and Pe|1 = 0, since the MAP rule always says H1.
For π0 >

1
5
, we have γMAP > 0, and the conditional error probabilities are given by

Pe|0 = P [Y > γMAP |H0] = e−µ0γMAP = e
− 4

3
log

4π0
1−π0 =

(

1− π0

4π0

)4/3

4



Pe|1 = P [Y ≤ γMAP |H1] = 1− e−µ1γMAP = 1− e−
1
3 log

4π0

1− π0
= 1−

(

1− π0

4π0

)1/3

These are plotted as a function of π0 in Figure 3.
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Figure 4: ML decision regions for Problem 6.7.

Problem 6.7 (a) Densities must integrate to one. For p(y|1), he area under the triangle equals
1
2
× c× 6 = 1, so that c = 1

3
.

(b) The ML rule p(y|1)
H1

>
<
H0

p(y|0 is illustrated in Figure 4, with threshold given by equating

conditional densities: 1
3
(1− |y|/3) = 1/4, which gives |y| = 3

4
.

(c) Conditional error probabilities are given by

Pe|0 = P [|Y | < 3

4
|H0] = 2× 3

4
× 1

4
=

3

8

Pe|1 = P [|Y | > 3
4
|H0] = 2

∫ 2
3
4

1
3
(1− y/3)dy

= 2
3

(

y − y2

6

)

∣

∣

2
3
4

≈ 0.45

The high conditional error probabilities indicate that the conditional densities are not too differ-
ent from each other, which we do see visually.
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Figure 5: ML decision regions for Problem 6.8.

Problem 6.8 (a) The ML rule p(y|1)
H1

>
<
H0

p(y|0) is illustrated in Figure 5, with thresholds ±γ
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