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ECE 146B: Solutions to Problem Set 2

Problem 5.7 The random variable X ∼ Exp(µ = 1
10
) (mean E[X ] = 1

µ
= 10).

(a) P [X > x] = e−µx for x ≥ 0, hence P [X > 20] = e−20/10 = e−2 = 0.1353.
(b) P [X ≤ x] = P [X < x] = 1− e−µx for x ≥ 0, hence P [X < 5] = 1− e−5/10 = 0.3935.
(c) By Bayes’ rule,

P [X > 20|X > 10] = P [X>20,X>10]
P [X>10]

= P [X>20]
P [X>10]

= e−20/10

e−10/10 = e−1 = 0.3679

(d) We have

E
[

e−X
]

=
∫

e−xp(x)dx =
∫∞

0
e−xµe−µxdx = e−(µ+1)x

−(µ+1)
|∞0 = µ

µ+1
= 1

11

setting µ = 1
10
. (e) We have

E
[

X3
]

=

∫

x3p(x)dx =

∫ ∞

0

x3µe−µxdx =
1

µ3

∫ ∞

0

t3e−tdt

substituting t = µx. As discussed in the notes, the integral evaluates to Γ(4) = 3! = 6, so that

E
[

X3
]

=
6

µ3
= 6000
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(a) CDF of maximum

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

y

C
D

F
 F

(y
)

 

 

n=1
n=5
n=10

(b) CDF of minimum

Figure 1: The CDFs of the maximum and minimum of n i.i.d. uniform random variables.

Problem 5.8 (a) For X = max (U1, ..., Un), we have X ≤ x if and only if U1 ≤ x, ..., Un ≤ x.
The CDF of X is therefore given by

FX(x) = P [X ≤ x] = P [U1 ≤ x, ..., Un ≤ x] = P [U1 ≤ x]...P [Un ≤ x] = F n
U (x)

where we have used the independence of the {Ui}.
(b) For Y = min (U1, ..., Un), we have Y > y if and only if U1 > y, ..., Un > y. Thus,

P [Y > y] = P [U1 > y, ..., Un > y] = P [U1 > y]...P [Un > y] = (1− FU(y))
n



Thus, the CDF of Y is given by

FY (y) = P [Y ≤ y] = 1− P [Y > y] = 1− (1− FU(y))
n

(c) When the {Ui} are uniform over [0, 1], we have FU (u) == u, 0 ≤ u ≤ 1, hence

FX(x) = xn , 0 ≤ x ≤ 1

(Of course, FX(x) = 0 for x < 0 and FX(x) = 0 for x ≥ 1, since X lies in [0, 1].) Figure 1(a)
plots the CDF of X . The probability mass shifts towards one as n increases. For 0 < x < 1,
xn → 0 as n → ∞, so that the limiting CDF concentrates all of its probability mass at one:

lim
n→∞

FX(x) =

{

0, x < 1
1, x ≥ 1

Thus, we get a discrete random variable putting all its probability mass at one, taking the limit
of a large number of continuous random variables.
(d) When the {Ui} are uniform over [0, 1], their minimum Y also lies in [0, 1]. The CDF is given
by

FY (y) = 1− (1− y)n , 0 ≤ y ≤ 1

Figure 1(b) plots the CDF of Y . The probability mass shifts towards zero as n increases. For
0 < y ≤ 1, we have 0 ≥ 1− y < 1 and (1− y)n → 0, so that we get that

lim
n→∞

FY (y) =

{

0, y ≤ 0
1, y > 0

This limit is actually not a valid CDF, since it is not right-continuous at y = 0. But it does
show a unit jump at y = 0, indicating that all the probability mass is concentrated at zero. We
can prove the latter rigorously using more sophisticated techniques, but we do not attempt to
do this here.

Problem 5.10 (a) This is the same as Problem 5.8(b), but we can see the explicit form here

P [min(U, V ) < x] = 1− (1− x)2 = 2x− x2 , 0 ≤ x ≤ 1

Sketch omitted. See Figure 1(b) for similar plots.
(b) Y = V/U takes values in [0,∞) for U , V , taking values in [0, 1].
Method 1: The CDF can be computed by conditioning on U = u, and then removing the
conditioning, as follows:

FY (y) = P [Y = V/U ≤ y] = P [V ≤ Uy] =

∫

P [V ≤ Uy|U = u]p(u)du =

∫ 1

0

P [V ≤ uy]du

where we have used the independence of U, V , and the uniform distribution of U , in the last
equality. We know that P [V ≤ v] = v, 0 ≤ v ≤ 1, and P [V ≤ v] = 1 for v ≥ 1. For y ≤ 1,
uy ≤ 1, so that

FY (y) =

∫ 1

0

uydu =
y

2
, 0 ≤ y ≤ 1

For y > 1, uy > 1 and P [V ≤ uy] = 1 for u > 1
y
, so that

FY (y) =

∫ 1
y

0

uydu+

∫ 1

1
y

1dy = 1− 1

2y
, y > 1

2
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Figure 2: Pictorial computation of CDF of V/U , where U, V are i.i.d. uniform over [0, 1].

Method 2: We can also compute the CDF pictorially as shown in Figure 2. The joint distribution
of (U, V ) is uniform over the unit square in the (u, v) plane, so that the event V/U ≤ y whose
probability we desire to find represents the shaded regions shown, and probability itself is simply
the area of these shaded regions. For y > 1, the region V/U ≤ y is triangular, with area y/2.
For y > 1, the region V/U ≤ y is the complement of a triangular region of area 1/(2y).

Problem 5.13: While all the derivations in this problem are there in the text and other problems,
we do them from scratch here in order to reinforce the concepts.
(a) Since U1 and U2 are independent, so are Z = −2 lnU1 and Θ = 2πU2. Clearly, Θ is uniform
over [0, 2π]. Since U1 takes values in [0, 1], the random variable Z takes values in [0,∞). The
CDF of Z is given by

P [Z ≤ z] = P [−2 lnU1 ≤ z] = P [U1 ≥ e−z/2] = 1− e−z/2 , z ≥ 0

We recognize that Z ∼ Exp(1
2
), or an exponential random variable with mean E[Z] = 2.

Remark: This provides a good opportunity to emphasize that one does not always have to write
down explicit expressions for the joint CDF or density in order to specify the joint distribution.
Any specification that would allow one to write down such expressions if needed is sufficient. In
the preceding, we provided such a specification by stating that Z and Θ are independent, with
Z ∼ Exp(1

2
) and Θ ∼ Unif [0, 2π].

(b) Let us do this from scratch instead of using results from prior examples and problems.

p(z, θ) = p(z)p(θ) =
1

2
e−z/2 1

2π
, z ≥ 0, 0 ≤ θ ≤ 2π (1)

and

p(x1, x2) =
p(z, θ)

|det (J(x1, x2; z, θ))|

∣

∣

∣

∣

z=x2
1+x2

2,θ=tan−1 x2
x1

(2)

where the Jacobian can be computed as

J(x1, x2; z, θ) =





1
2
√
z
cos θ 1

2
√
z
sin θ

−√
z sin θ

√
z cos θ





so that det (J(x1, x2; z, θ)) = 1
2
cos2 θ + 1

2
sin2 θ = 1

2
. Plugging this and (1) into (2), we obtain

that the joint density of X1, X2 is given by

p(x1, x2) =
1

2π
e−(x2

1+x2
2)/2 , −∞ < x1, x2 < ∞
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