
it at this.
Take-away: Even when implementation constraints prevent us from using the optimal correlator
g = s, we can construct approximations to s within these constraints by trying the match the
shape of s as closely as we can.

Problem 6.1 (a) The joint density must integrate to one, hence we must have

1 = K

∫ ∞

0

∫ ∞

0

e−(2x2+y2)/2dxdy +K

∫ 0

−∞

∫ 0

−∞
e−(2x2+y2)/2dxdy = 2K

∫ ∞

0

∫ ∞

0

e−(2x2+y2)/2dxdy

where we have used symmetry. The integrals in x and y separate out, and we have

∫ ∞

0

e−(2x2)/2dx =
√

2πv21

∫ ∞

0

e−x2/(2v2
1
)

2πv21
dx =

√

2πv21
1

2
=

√
π

2

massaging the x integrand into an N(0, v21) density, with v21 = 1
2
. Similarly, we can massage the

y integrand into an N(0, v22) density with v22 = 1 to get

∫ ∞

0

e−y2/2dy =
√

2πv22
1

2
=

√
2π

2

We therefore have 1 = 2K
√
π
2

√
2π
2
, or K =

√
2/π.

(b) The marginal density of X is

p(x) =

∫

p(x, y)dy =







∫∞
0

e−(2x2+y2)/2dy, x ≥ 0

∫ 0

−∞ e−(2x2+y2)/2dy, x < 0

By symmetry, the y integrals evaluate to the same answer for the two cases above, so that
p(x) ∼ e−x2

. Thus, X ∼ N(0, 1
2
) (the constant must evaluate out to whatever is needed for p(x)

to integrate to one. A similar reasoning shows that Y ∼ N(0, 1).
(c) The event X2 +X > 2 can be written as

X2 +X − 2 = (X + 2)(X − 1) > 0

which happens if X + 2 > 0, X − 1 > 0, or X + 2 < 0, X − 1 < 0. That is, it happens if X > 1
or X < −2. Thus,

P [X2 +X > 2] = P [X > 1] + P [X < −2] = Q

(

1− 0
√

1/2

)

+ Φ

(

−2 − 0
√

1/2

)

= Q(
√
2) +Q(2

√
2)

where we have used X ∼ N(0, 1/2) and Φ(−x) = Q(x).
(d) X , Y are not jointly Gaussian, since the probability mass is constrained to two of the four
quadrants, unlike the joint Gaussian density, for which the probability mass is spread over the
entire plane.
(e) If X > 0, then Y > 0 (even though Y can take both positive and negative values). Hence X
and Y cannot be independent.
(f) From the marginals in (b), we know that E[X ] = E[Y ] = 0. However, E[XY ] > 0, since all
the probability mass falls in the region xy > 0. Thus, cov(X, Y ) = E[XY ]− E[X ]E[Y ] > 0. So
X , Y are not uncorrelated.
(g) The conditional density is p(x|y) = p(x, y)/p(y). If y > 0, this evaluates to p(x|y) =

k1e
−x2

Ix≥0. If y < 0, it evaluates to p(x|y) = k1e
−x2

Ix<0. Since the probability mass of the
conditional density is constrained to part of the real line, it is not Gaussian.
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