UCSB
ECE 146B: Solutions to Problem set 5

Problem 5.20 (a) We have cov(X,Y) = poyoy = —2, so the covariance matrix is given by

17
1 =3
o= (4 )
_% 1
where X = (X, Y)7.
(b) Z = aTX, where a” = (2 3), so that Z ~ N(a’my = 8,a”Cxa = 4).
(¢) In order to compute P[Z? — Z > 6] = P[Z? — Z — 6 > 0], we factorize
72— 7 —6=2"-32+22—-6=(Z+2)(Z-3)
This expression is positive if both factors are positive (Z > —2 and Z > 3, which is equivalent
to Z > 3), or if both factors are negative (Z < —2 and Z < 3, which is equivalent to Z < —2).
These two events are mutually exclusive, hence
P{Z>3Yor {Z< -2 =P[Z>3|+P[Z<-2=0Q (%f) + (iﬁs)
Q(=5/2) + ®(—-10/2) =1 - Q(5/2) + Q(5) = 0.9938



Problem 535 We can write Y; = (y,w), Y2 = (y,u), where u(t) = Ijo9(t), ua(t) = I (1)
The noisy signal y(t) = s(t) + n(t), where n is WGN and s(t) = Ijo,5/(t). Pluggmff in, we get

Yi = (s +n,u1) = (s,u1) + (n,u1) =2 + (n, wy)

Yo = (s+n,up) = (s,up) + (n,up) =2 + (n, up)

are jointly Gaussian with mean vector m = (2,2)7, since (n,u), (n,us) are zero mean (since
n has zero mean) and jointly Gaussian (obtained by linear operations on the Gaussian random
process ). We have (for 7, j =1, 2)

cov(Y;, Y;) = cov (2 + (n,u;), 2 4+ (n,u;)) = cov ({n,u;), (n,u;))

since covariance is not affected by translation by constants. Thus, the means are due to the
signal, and the covariances due to the noise. We now use computations similar to those we have
done in Chapter 5 and in class, exploiting the impulsive autocorrelation function of white noise:

cov(Y;,Y;) = ({n w;), (n,uy)) = E[(n,u;), (n, u:r}]
=E [ [ n(t)u;(t)dt [ n(t')u;(t")dt'] = ffIEn t)] w; (t)u;(t")dtdt’
= ff t t’ ), () (t’)dtdt’ =o0? [u(t) (t)df
=0 {u:.u )

We get the diagonal terms in the covariance matrix by setting ¢ = 7, and the off-diagonal terms
for 7 # j. The covariance matrix is given by

o?|fug| > 0wy, ug) % %
C = =
o} (ur,uz)  o|[ua|f? i

2 = % and the inner products

2 3 2
||-u.1||2:] 12dt = 2, ||-u.2||2:/ 12dt = 2, {-11.1,-11.2):/ 12dt =1
0 1 1

(b) Since Y7,Y> are jointly Gaussian, their linear combination Z = Y + Y» is Gaussian, with
mean

plugging in o

EZ] = E[Y, + Yo = E[Y3] +E[Y;] =2+2=4
and variance

var(Z) =cov(Z,Z) = cov(Y; + Y5, Y] + Y5) = cov(Y], Y)) 4 cov (Y5, ¥5) + 2cov(Y), Y5
(Z) = cov(Z, Z) = cov( ) = cov(Ys, Y1) + cov(¥a, ¥3) + 2eov(¥;, Y2)
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Problem 6.12 (a) The conditional densities and ML regions are sketched in Figure 6. We
have p(y|0) = £e7%°I )(y) and p(y|l) = +lp1g(y). The ML decision regions are given
by Ty = {y:p(y|l) > ply|0)} and Ty = {y: p(y|l) < p(y|0)}, with crossover point given by
%e_y/ 5 — ﬁ which gives y = 5log2 ~ 3.47. We can also write the ML rule as

i 1, Hlog2 <y < 10
OniL (y) - { 0, elsef 7

(b) The conditional error probability is given by

=4 10/¢ J— 2
Pe|0 = PY el'1|Hy] = Plblog2 <Y < 10|Hy| = e~0log2/5 _ —10/2 _ 3~ e72 = 0.3647

VS N p(yl0)
p(y[1)
1/10 |
| F y
1ﬁo ? 1 1“0

5log2=3.47

Figure 6: Conditional densities and ML decision regions for Problem 6.12.

(c) The posterior probability for ¥ = 4 is given by

PIH|Y = y] = ——zoplo)

1 =
_ g g
TopO) (1m0 )pGlD T e 35 iIL
= (.31



Problem 6.14 (a) The ML rule

H,
_ _ 279 = _ 2 /o
(o) = llal?/2 7 (. 50) = ol P2
Hy
specializes to
H,
>
Y, 8 0
(Y, s1) -
Hy
for sp = —s1. Thus, it can be implemented by correlating the received signal against s (t) and

then deciding based on the sign of the output. The conditional error probability is given by
— [ls1—sol] ; — — 2 _ 9! 24t — ¢ :
Py = Q(T) Now, | = [2s1]] = 2lsal], [|s1]P = 2 [(1 — )%dt = 2/3, and

0?=0.1, so that
Ppo=0Q (22\/_“3/13) =Q ( 20/:3) — 0.0049

(b) Conditioned on s sent, y(t) = so(t) +n(t). Let us compute the signal and noise contributions
separately. The noise output ng = f__lo'E' n(t)dt has variance o? f__lo P12t = 02 /2. The other noise
components are independent and have identical variance, since they are computed over disjoint
intervals of equal length. Thus, n; are i.i.d., N(0,02/2). The signal contributions are given by
integrating sqo(t) over these intervals. It is easy to see, therefore, that y ~ N(sq, %ZI), where
so=—(1/8,3/8,3/8,1/8)T.

(c) Since the signals under the two hypotheses are negatives of each other, we infer from (b)
that the signal model after discretization is y ~ N(sl,%l) conditioned on s; sent, and y ~
N(sqg = —si, %QI), where s; = (1/8,3/8,3/8,1/8)". Thus, we are hypothesis testing in discrete
time WGN with variance 62 = ¢2/2. Thus, the ML rule is given by

281

51 — 5o 51

Hy
0 > .
Y, 81 — 1151 Y, S0) — ||So
vos) — lsl172 7 dyoso) — llsll?/2
Hy
which specializes to
H,
1 >
<3’v51>:g('m+3'y1+3yz+y3) 0
Hy

Simplifying, our ML rule is

H,
. . =
Yo+3yi+3yatys _ 0
Hy



The conditional error probability is given by the standard expression for WGN: P,y = @ (%)

where we must use the variance of the discrete time_\V GN obtained after discretization. As be-
fore, ||sy — so|| = [|2s1]| = 2[[s1]]. We have ||s||* = é(l +9+9+1) = %, so that

B 25716\ 5Y — 0.008
Pyo=0Q NI = (Q(2.5) = 0.0062

(only a small degradation relative to ML performance for the original continuous time system).
(d) For observation Z = yy+ y1 + y2 + y3, adding the signal components and the noise variances,
we obtain that Z ~ N(1,46% = 20°) if s; is sent, and Z ~ N(—1,20%) if s is sent. This falls
within the basic Gaussian format, and the conditional error probability is given by

B my —mol} 1—(=1)\ ~
Peo=Q (T) =Q (W> — Q(V5) = 0.0127

(e) Smallest error probability is in (a), largest is in (d). We could have rank ordered without
explicit computation. The probability in (a) is the best achievable, since we are implementing the
ML rule for the original continuous time observation. We lose some performance in discretizing as
in (b), because we are not doing optimal processing of the continuous time signal (which we know
is to correlate with s;). We lose further performance in (d), because we are not implementing
the ML rule for the discretized signal y.

Problem 6.16 (a) The ML rule

H,
279 = 2
(o s1) = l[s1ll7/2 (. s0) = [[s0]I°/2
H,
can be implemented by a single correlator as follows:
H,
S | 1l | 01
<y~,'5l .bo) < 2

Hy



The correlator a(t) = s1(t) — so(t) is sketched in Figure 8. We have [ = 2 and
2fﬂl t2dt = 2/3, so that the threshold vy = J_|_1|_|_;|_|_|_|_ (2 -2/3)/2=2/3.
(b) Note that E, = 5 so|) =2 (242/3) =4/3 and

|2_

51 So

d'.? — |2

2+ [1s0][* — 2(s1, $0) = 2 +2/3 — 2(—~1/2) = 5/3

51

S1 — Sp

so the power efficiency g—i = 3. The ML rule has error probability

& F, 5E,
= =
9( Ebzxo) 9( GND)

Hy
. . ~ . .
(y, 81) = l|sa] /2 + 0* log my = (g:80) = |Isol|*/2 4 0* log m
H,

(¢) The MPE rule is given by

and can be implemented using the same correlator as the ML rule, but with the threshold
adjusted to account for the priors:

H,
2 2
> s —||s . m . m
(4,81 = 0) ~ TMPE= ] 5 ol +3210gi_0:Tf’.nff.a:.-l-fleogi—o
1 i
Hy

For m, = % the threshold is therefore given by vy pr = Yar — 02 log2 = 2/3 — 0.69302.

(d) For A(t) = I y(t). filter-and-sample is the same as integrate and dump: (y * h)(f) =
j; (ty(7)dr. The Sa,mples at t = 1,2, 3 correspond to different mtenals of unit length, hence the
noise outputs are i.i.d. N(0,0%). The signal outputs (s; = h)(t) = [,_, ts(7)dr for t = 1,2,3 are
easily computed and form the vectors: s; = (0,1, 1)" and sy = ( 1/2,—1/2,0 . The conditional
distribution of Z given 0 sent is therefore N(sg, UZI)

(e) Actually, since the noise is uncorrelated, this is not really challenging as promised. This is
simply signaling in discrete WGN, and the ML rule is given by

Hy
2 e > 27
(Zos1) = lsll?/2 Z (Z;s0) = [Isol|*/2
Hy
which simplifies to
H,
> . .
(Z,s1=s0) _ ((lsall* = lIsoll*) /2
Hy

Plugging in the numbers, we obtain

1 3
5Z’l +§Z’2+Z3 3/4



The error probability for ML reception is discrete WGN is given by

where d? = ||s; — so||* = 7/2 is for the discretized system, but E, = 4/3 for the original
continuous time system, computed in (a). (Note that the scaling is such that the noise variance
per dimension is the same in both systems, otherwise we would have to account for that.) We

have d*/E, = 21/8, so that
P -0 ( )




