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(b) The model in (a) falls within the standard Gaussian format, and the ML rule is given by

Hy
A

po|

>
<
Ho

The error probability is

A—-0
P.= Py =Py =
v=rn=e(37)

Noting that Fjp = %||9\ ? = A we obtain

-0 () o)

This is a factor of 3/4 (or about 1.25 dB) worse than optimal demodulation of OOK.
(c) The decision statistic

0 0.5 1
Zy = 2(0) + 2(0.5) + z(1) = / y(7)dr —I—/ y(7)dr + / y(T)dr = (y,v)
-1 —0.5 0
where the effective correlator v(t) = Ij—y —o5(f) +2J1—0.5,05)(f) + Lj0.5,1(t) (draw this to see how the

shape compares with the original signal s(¢)). We leave it as an exercise to show that |[v||* =5
and (s,v) = ZA. Following the same steps as in (b), we have Zy ~ N(0,02|[¢||* = 502) if 0 is

sent, and Z, ~ N((s,v) = TA, o?||v||* = 50?) if 1 is sent. This again fa.llb within the standard
Gaussian format, and the error probability is given by

P (TA—O) o (5
e —1e— €|0_ €|1_ 2\/— QW

o

This is a factor of 147/160 (or 0.37 dB) worse than OOK with optimal demodulation. Thus,
the degradation is smaller than in (b), which is to be expected since the shape of the effective
correlator v(t) here is a better approximation for the signal s(#) than the effective correlator w(t)
in (b).

which simplifies to
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Figure 9: Natural basis for signal set in Problem 6.18, labeled in the order of the coordinates
they correspond to in signal space.

Problem 6.18 Using the natural basis shown in Figure 9, the 4 signals map (not worrying
about scale factors to the vectors a = (1,1,1,1)", b = (1,1,-1,-1)", ¢ = (1,-1,1,-1)7,
d = (1,-1, -1, )", Tt is casy to check that these vectors are all orthogonal, so this is 4-ary

equal energy, orthogonal signaling. Thus, FE, = 4 (hence E, = lo? 7 = 2) and all pairwise
2

distances are given by d? = 2E; = 8. The power efficiency d*/Ej, = 4.
(a) The union bound is given by

Pe < Q%) + Q(5) + Q(54) = 3Q(£)
=0 (V&) =e (/3)

(b) False: not more power-efficient than QPSK. The power efficiency equals 4, which is the same

as that of QPSK.



Figure 13: 4PAM constellation and decision boundaries for Problem 6.21.

Problem 6.21: The 4PAM constellation is shown in Figure 13. Let N ~ N(0,0?) denote the
noise sample corrupting the received signal. Condltloned on an outer signal point being sent
(consider the leftmost point without loss of generality), the error probabilitg\-' is

P(e|louter) = P[N > d/2] = Q (%)

where d = 2A4. Conditioned on one of the two inner points being sent, the error probability is
d
P(e|inner) = P[|N| > d/2] =2Q | —

Note that E, = 3 (A> + (34)?) =5A% and E, = E,/log, 4 = 5A4? /2, so that d*/ E, = (24)*/(5A% /2)

8/5. We therefore can write

P(e|outer) + P(el|inner)) = %Q (%) = %Q (\/% — %Q (\/%)

16QAM can be viewed as a product of 2 4PAM constellations sent in parallel over independent
WGN channels, so that a symbol error occurs if either of the two 4PAM symbols are received
incorrectly. Thus,

P =

bl

P.(16QAM) =1~ (1 — P.(4PAM))* = 2P.(APAM) — P*(4PAM)

Using the 4PAM error probability bound yields the following bound on the error probability of

16QAM:
P.(16QAM) = 3Q ( ;_‘i) _ _Qz ( f;-f:b)



Problem 6.31
(a) For b =0, 1, the received signal is given by

y=(—1)"A+ N(0,5%

Thus,

e—(y—‘sl)?/zo?‘ p(y|1): 1 e—(y—A)z/EaQ

p(y|0) =
p(y]0) 2mo? 2ro

The LLR is given by

P(b=00s) _, pulo)Pb=0] Phb=
LR =8 B =T]y) = P =1] ~ PR =1

For equiprobable bits, the first term on the extreme right-hand side is zero. Upon sunplifying,

we get
p(y|0 2A1
LLR() :bgp(y\ ) 'y
plyll) o
Since y 18 conditionally Gaussian, conditioned on the bit sent, so is the LLR. The conditional

. . A2 A2 .
mean and variance are easily seen to be (—l)b% and % respectively. These depend only on

A2 . . 42 !
the SNR ;‘—2 (For uncoded transmission, E, = A? and % =25 )

1'\'[) )
(b) For uncoded transmission,

A 2F
PBQ(;)Q( A\Tob)

Numerical search shows that Q(1.2815) ~ 0.1, so that an error probability of 10% corresponds
to % = 1.2815. From (a), this implies that the conditional distribution of the LLR, conditioned
on 0 sent, is N (3.285,6.57).




