Homework 1 Solutions
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(a) Step responses A, B, C, and D. (b) Bode plots 1, 2, 3, and 4.
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(¢) P-Z maps I, 11, III, TV.

Figure 1: Step responses, Bode plots, and P-Z maps to match up.

Using the Final and Initial Value Theorems, we can match the Step Response plots with the Bode
plots.

The Final Value Theorem (FVT) states that
lim f(t) = lim sF(s)

t—o00 s—0

This implies that the final value of the step response of the time-domain signal is equal to the
initial value of the frequency-domain signal since the step input would cancel the s in the limit on
the right-hand side of the above expression.

The Initial Value Theorem (IVT) states that
lim f(t) = lim sF(s)

t—0 S—00

This implies that the initial value of the step response of the time-domain signal is equal to the
final value of the frequency-domain signal.



The following table summarizes the final and initial values using the above theorems for the four
systems.

Step Response | Final Value | Initial Value | Bode Plot

A 100 =40 dB ? 2
B 10=20dB |~ 0.5~ —6 dB 1
C 1=0dB 10 =20 dB 3
D 10 =20 dB 0= —ocodB 4

We can then match the P-Z maps to the Bode plots.

Complex conjugate pair poles correspond to a flat magnitude response until the break point at
which there is a decrease in magnitude at a rate of —40 dB per decade. Also, the corresponding
phase plot starts of at zero until the break point at which it drops to —180°. This corresponds to
Bode plot 4.

A real pole corresponds to a flat magnitude until the break point at which there is a decrease in
magnitude at a rate of —20 dB per decade. A real zero corresponds to a flat magnitude until the
break point at which there is an increase in magnitude at a rate of 20 dB per decade. The break
point is equal to the value of the pole or zero. If a transfer function has both, and the pole is larger
than the zero, the magnitude plot will increase first at a rate of 20 dB per decade and then flatten
out once the decrease from the pole cancels out the increase from the zero. If the zero is larger than
the pole, the magnitude plot will decrease first at a rate of —20 dB per decade and then flatten out
once the increase from the zero cancels out the decrease from the pole. Therefore, we can reason
that P-Z Map II corresponds to Bode Plot 3, and P-Z Map IV corresponds to Bode Plot 1.

By process of elimination, P-Z Map III corresponds to Bode Plot 2. This is also supported by the
phase plot of Bode Plot 2 which starts of at zero and drops to —90°. P-Z Map III has two complex
conjugate poles and a zero that have the same break points. This combination would result in the
phase plot of Bode Plot 2.

In summary,

Step Response ‘ Bode Plot ‘ P-Z Map

A 2 I11
B 1 v
C 3 II
D 4 1

(b)

We can develop the expressions for the transfer functions from the P-Z maps and apply the FVT
and IVT. We can then use the final and initial values from the matched step responses and Bode
plots to determine the gain values, K. Note that since we are matching with step responses, the
s is canceled by the % from the step input. The following table summarizes these expressions and
the corresponding initial and final values.



P-Z Map | Transfer Function Final Value Initial Value
T K _
I K 057300 500 — 10 0
(s+2) K _ —
I K(sizo) =1 K =10
111 Kt | 3K _ K _qq 0
(524 65+153) 153 — 51
(s+20) _ _
v K GiD) 20K =10 K =05

Therefore, the transfer functions are as follows:

System | Transfer Function
AT | 5100z 50 s
B-1-1V jla
C-3-I1 1055
D-4-1 | 200050950
Problem 2
60 ="y

(a)

Let T'(s) be the closed-loop transfer function for the given system under negative unity feedback
with a proportional controller C(s) = K.

C(s)G(s)
Te) =17 eman)
K(25 —12)
(s+3)+ K(2s — 12)
K(25 —12)
(2K +1)s+ (3 - 12K)
2K s—6

T(s) = :
)=k s+ 512K

The closed-loop system will be stable if its pole,

3—12K
2K +1°

S =



is strictly negative.

3— 12K

——F <0
2K +1

if, for 2K +1> 0, or K > —3,

—-(3-12K)<0 = K<

and, for 2K +1 >0, or K < —%,

1
—(3-12K) >0 = K>Z
The second condition can never be satisfied, therefore, the range of K for stability is

1 1
. K < -
2< 4

(b)

There are no unstable poles in the transfer function, G(s), therefore P = 0. The number of unstable
poles in the closed-loop system is given by Z = N 4+ P, where N is the number of encirclements of
—1. Therefore, we would like no encirclements of —1 in order for the closed-system to be stable.

The Nyquist plot for G(s) is

v

Figure 2: Nyquist plot for G(s)

There is currently one encirclement of —1, which means we want to reduce the gain. We would
need to reduce the gain by a factor of at least four in order to achieve closed-loop stability. This

implies that, for positive values of K,

1
K< =
<4

for closed-loop stability.



We can plot the Nyquist plot for —G(s) in order to determine the range of K for stability for
negative values of K. The Nyquist plot for —G(s) is
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Figure 3: Nyquist plot for -G(s)

There is currently one encirclement of —1, which means we want to reduce the gain. We would
need to reduce the gain by a factor of at least two in order to achieve closed-loop stability. This

implies that, for negative values of K,

1 1
-K<- —= K>——
2 2

for closed-loop stability.

Therefore, for closed-loop stability,
! <K< !
2 4

which matches the range we attained in Part (a).



Problem 3

Impulse Response for Y(z)/U(z)
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Figure 4: Impulse response of P(z) = 58

(a)

The sample time is

When the input is an impulse,

Also,

k=—o00
The signal y(t), given by the Figure 4, is zero everywhere except t = 0.5, t = 1, and ¢ = 2. The
sample time is 0.5 seconds, therefore, these correspond to k = 1, k = 2, and k£ = 4. Thus, we can
find P(z) as follows:

P(z) = Z y(k) % 2%
k=—0o0
=62 442724 (-8)- 271
623 + 422 — 8
P(z) = —

(b)

Similar to the continuous time case, in the discrete time domain, a unit step corresponds to accu-
mulation. This can be seen from the convolution of a signal with a unit step.



where

This implies that a unit step input would result in the accumulation of values up to time k of the
impulse response of the system.

Therefore, the step response is

's+eP response of P(Z)
A

\O
o4 0 o

Figure 5: Step response of P(z).

Problem 4
s+1
()= 516
(a)
The DC gain is given by the magnitude of the transfer function when s = 0.
0+1 1
)= '0+ 16' T 16
The DC gain of C(s)P(s)
COPO)] = |5 PO)] = 1£P(0)
|16 16



Therefore, the controller would decrease the DC gain of the loop transmission by a factor of 16.

(b)
The phase of the controller is given by
LO(jw) = ¢c = ¢z — ¢y

where ¢ is the phase from the zero and ¢, is the phase from the pole. The phase is given by the
inverse tangent of the imaginary part over the real part of the zero or pole. Thus,

$c = tan" (w) — tan™! <%)

Taking the derivative of the above expression and setting it to zero, we get

doe _ 111
dw 1+ w? 161+(%)2_
when
w2 1 9
H(E) — (1 +w?) =0

162 + w? — 16 — 16w? =0
—15w? +16(16 — 1) = 0
15w? = 16(15)
w? =16
w==+4

Since we want a positive value for the frequency,

we = 4 rad/sec

Note: Taking the second derivative shows that this value is a local maximum.

d2¢c _ —2(,0 1622(‘5)16
dw?  (1+w?)? (14 (1%)2)2
32w 2w

(162 + w?)?2 (14 w?)?

For w =4,
d?¢c (4) = 128 8 ~ 05-38
dw? 7 (162+16)2 (14+16)62 1+ 162

Since the second derivative is negative, there is a local maximum at w = 4.

<0

Plugging w, back into the equation for the phase, we find the maximum phase.

bpmax = ¢pc(4) = tan~1(4) — tan~! <l46> ~ 61.9°



T =0.03 sec

2 = 30T = J40.03 — 01012 — (5(0.12) + 5sin(0.12) = 0.9928 + 50.1197

(d)

The phase at z, is thus

lcforward(za) = tan_l <

The phase at z, is thus

lcforward(za) = tan_l (

((75) +1
1

ZT + 16
z—14+T
z—1+16T
z—140.03

z—1+16-0.03
z—0.97

z —0.52

Cforward (Z ) =

Cforward (Z) -

0.1197 0.1197

20 ) a0l ) & 65.0044°
0.9928 — 0.97> o (0.9928 - 0.52>

-1

(&) +1
1

ZZT + 16
z—1+42T

z—1+16zT
z—140.032

z2—14+16-0.03%
1.03z —1

148z -1

Cforward (Z) =

Cforward (2) =

0.1197 0.1197

— | —tan ' [ ———— | ~58.9362°
0.9928 — 5= 0.9928 — 1<



(f)

T + 16
20z -1)+T(z+1)
2(z—1)+16T(z+1)

2(z — 1) +0.03(z + 1)
2(z —1) +16-0.03(z + 1)
203z —1.97
248z —1.52

Cforward (Z) =

C’forward (z )

The phase at z, is thus

0.1197 0.1197
ACforward(za) = tan_l () — tan_1 () ~ 61.9275°

0.9928 — 57 0.9928 — 22

(2)

The Nyquist frequency is given by
pi pi 2.02
== = ~ 104.72 = 10
NTT T 003
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Figure 6: Bode plot for C(s), Ciorward(2), Chackward(Z), and Chilinear(2)-

In general, the forward difference approximation has a larger magnitude and phase than the original
system, especially near the Nyquist frequency. The backward difference approximation has, in

10



general, a smaller magnitude and phase than the original system, especially near the Nyquist
frequency. The bilinear approximation is very close in magnitude to the original system while the
phase is very close until frequency very close to the Nyquist frequency. For this reason, the bilinear
approximation is the best of the three.

Problem 5

(a)

An overshoot of 10% to 20% corresponds to a damping factor, ¢, of approximately 0.6 to 0.46. A
damping factor of 0.46 to 0.6 corresponds to approximately a 45° to 60° phase margin. The phase
margin for P(s) (a double integrator) is zero, so we need to introduce 45° to 60° of phase at the
crossover frequency. This can be done with a lead controller. A lead controller has the following
form:

Ts+1
Cls) = als+1
where
1 — sin(¢max)
1+ sin(¢max)’
1
wmax\/a’

Gmax 18 the desired maximum phase, and wpax is frequency at which the desired maximum phase
occurs.

T:

11



Bode Diagram for P(s)
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Figure 7: Bode plot for P(s)

For an overshoot of 10%, we want to introduce 60° of phase into the system, we will set
¢max = 60°
and we want this phase to occur at the crossover frequency, so

Wmax = W@

We would like a peak time, t,, of approximately 0.1 seconds. This corresponds to a bandwidth
of about 45. The bandwidth is the frequency at which the magnitude of the closed-loop transfer
function falls to —3 dB. Therefore, we want our crossover frequency to be somewhere between
half the bandwidth and the bandwidth, say 40. Adjusting the location of the crossover frequency
will affect how quickly the step responses reaches its peak value. A higher crossover frequency
corresponds to a faster peak time, while a lower crossover frequency corresponds to a slower peak

time. So,
Wmax = wg = 40
Therefore,
o 1— s?n(¢max) _ 1-— S%n(60°) ~ 0.07
1+ sin(¢pmax) 1+ sin(60°)
and
T = L = 1 ~ 0.09
WmaxvVa  401/0.07
Therefore,
Ts+1 0.09s + 1 s+ 10.72
C(s) = = ~ 14
als+1 «0.0063s + 1 s+ 149.3

12



Bode Diagram for C(s)P(s)
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Figure 8: Bode plot for C(s) ~ 14%

However, the desired maximum phase does not occur at the crossover frequency, as seen in Figure 8.
In order to achieve this, we need to add a gain of about 85 in order to have a crossover frequency
at 40 rad/sec.

Thus,
s+ 10.72

~ 1184502
Clo) » 184 =03

13



Bode Diagram for C(s)P(s)
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Figure 9: Bode plot for C(s) ~ 592057755

The step response of the closed-loop system is thus
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Figure 10: Step response for the closed-loop system for C'(s)P(s), where C(s) ~ 1184 Zﬂgﬁ

The step response has a percent overshoot of approximately 18.8%, which is the desired range, and

14



a peak time of approximately 0.08 seconds, which is also in the desired range for peak time.

(b)
The closed-loop system is given by

C(s)P(s) ~ 5920 s+ 10.72

G =T PE) (5 + 92.93)(5 + 38.72) (s + 17.63)

Thus, the closed-loop poles are
p1 = —92.93, po = —38.72, and p3 = —17.63

and the closed-loop zero is
z=-10.72

While complex poles generally cause overshoot, in this case, the zero causes the overshoot since it
is dominant (i.e. closest to the jw-axis). The closed-loop transfer function can be considered as
the sum of two terms:

S 10.72

G(s) ~ 5920 5920
() (54 92.93)(s + 38.72) (s + 17.63) |~ (5 + 92.93)(s + 38.72)(s + 17.63)

In the time domain, the first term is the (scaled) derivative of the second term. When the derivative
is positive, amplitude is being added to the second term. When the derivative is negative, amplitude
is being subtracted from the second term. Note that for any zero, when the derivative is zero, the
transfer function will all have the same amplitude. For larger zeros, the derivative will have a
relatively small effect on the step response. For smaller zeros, the derivative will have a relatively
significant effect on the step response. The overshoot is directly proportional to the effect the
derivative has on the step response.

(c)

Let T, be the sampling rate of the discrete system.

Pron(z) = (1-271)- Z{P(s)}

S

15



1y {
:(1—21)-2{
et 2

-2 2 >}
=<1—z-1>-552{k2 (h)}
_ 5T32 _1(1 + z‘l)

5 (==
5T2 14+ 27h

2 (1—2z271)2
572 z+1
P(z)=—72
@) =5 o1
Using the Tustin approximation, s <> T((Z +1)) for C(z), we get

2(z=1)
+10.72
C(z) = 1184%
7,41y + 1493

_1184( 1) +10.72T5(2 + 1)

2(z— 1) + 149.3T4(z + 1)
(10.62T 4 2)z + (10.72T — 2)

(149.3T, + 2)z + (149.3T, — 2)

10.727
1184 - (10.6275 +2) ~ + (10 72T5+2))

149.3T,—2)
(149.3T + 2) z+ 214937T+2)

=1184

C(z) =

The discrete approximations for P(s) and C(s) are summarized in the following table for the three
sampling rates.

Sampling Rate P(z) C(z)
— T T 0.899
T, =0.01 P(z) = 000 (zz+1) 714; 0.145
_ ! 1 0.580
T, =0.05 P(2) = oy | 3175505
B 9 1 0.517
Ts = 0.06 P(z) = 1000 (sz-l)2 285§+0 635

(d)

The following table summarizes the closed-loop transfer function, G(z), for the discrete-time system.

16



Sampling Rate G(z)

_ _ (2+1)(2—0.898)
T; =0.01 G(2) = 0.179 (2—0.851)(22—1.1162-+0.359)

_ _ (2+1)(2—0.5774)
T; =0.05 G(2) = 1.983 (2—0.4799) (22+1.042+1.182)

_ B (2+1)(2—0.513)
Ty = 0.06 G(2) = 2570 =5 310 (7 692+ 1.65%)
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Figure 11: Step responses for the continuous system and discrete systems for Ty = 0.01, Ts = 0.05,
and Ty = 0.06.

For T = 0.01, the peak time is 0.06 seconds and the percent overshoot is 26.9%. For Ty = 0.05 and
Ts = 0.06, the discrete-time systems are unstable, and thus the peak time and percent overshoot
are not applicable.

(e)

The phase margins, percent overshoots, and stability are summarized in the following table.

System ‘ Phase Margin ‘ Percent Overshoot ‘ Stable?
G(s) 60° 18.8% Yes
G(z), T =0.01 49° 26.9% Yes
G(z), T =0.05 —17.96° N/A No
G(z), T =0.06 —25.54° N/A No

17



Note that larger percent overshoots will result in instability for larger sampling times. Systems
with small percent overshoots (closer to 10%) will be stable for both 7= 0.05 and 7" = 0.06.

Problem 6

(a)

Bode Diagram
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Figure 12: Bode plot for the given system with the margins and crossover frequencies labeled.

When determining stability using Bode plots, we look for a negative magnitude (in dB) when the
phase is —180°. The gain margin is the value by which the magnitude can be increased before
becoming positive (in dB) when the phase is —180°. The phase margin is the value by which the
phase can be decreased when the magnitude is 0 dB.

Therefore,
GM =~ 8 dB =~ 2.5

and
PM =~ 30°

The crossover frequency, wg, is the frequency at which the magnitude is 0 dB. Therefore,

wa ~ 104 ~ 80 rad/sec

The crossover frequency, wp, is the frequency at which the phase is —180°. Therefore,

wp ~ 10%%% ~ 105 rad/sec

18



Nyquist Diagram

(b)
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Figure 13: Nyquist plot for the given system with the margins labeled.
limit on the gain. For negative values of gain, we can consider the Nyquist plot flipped about the

imaginary-axis (which would be the Nyquist for —G(s), where G(s) is the transfer function of the
system). There will an encirclement of —1 for all gain values, therefore the gain must be positive.

Assuming there are no unstable poles, P = 0. There are currently no encirclements of —1. If we
increase the gain by too much, however, there will be encirclements of —1, so there will be an upper

From Figure 13,

and



