Homework 3 Solutions

Problem 1

Part (a)
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Figure 1: Pole-zero map for the transfer function K(z — 1)/(z + 1) with the unit circle and the
point /07" shown. Note that we are only concerned with the top semicircle (i.e. up to the Nyquist
frequency).

The phase of a transfer function is given by the phase of its zeros minus the phase of its poles. So,

SN e e an=o o,

From Figure 1,
20, + 2¢, = 180°

= ¢p+$z:900
= ¢p =90° — ¢,

Because ¢, and ¢, are complimentary angles,
¢, = 180° — ¢,

Thus, - B
¢ — ¢p = (180° — ) — (90° — @) = 90°.

Therefore,
K(Z—l) _ 900

=)



Part (b)

The magnitude of a transfer function is the product of the magnitudes of its zeros and its gain
divided by the magnitude of its poles. So,

‘K(z_l)‘ = | |‘Z_1‘
Gi1) EEST

For the point z = e/*0T the magnitude of the zero is the length of the segment joining the zero
location and the point z = /07", Similarly, the magnitude of the pole is the length of the segment
joining the pole location and the point z = /0T, The angle whose vertex is at the point e/*07T is
90° since ¢, + ¢, = 90°. Therefore,

2 — 1] = 2sin(g)

and
[+ 1] = 2cos(@y)
for z = edwoT’,
Therefore, A
K (eJWOT -1)
(edwoT 4+ 1)

2sin(d,)

Zcos(dy) | K| tan(¢p)

=]

From Figure 1, -
6 = 180° — 2¢, = 180° — 2(90° — ¢;,) = 2¢,,

'Ii(ewtl)‘ — |K|tan <Z> — |K|tan <°"3T>

edwol 4 1)

Thus

Therefore, the value of K that will yield a magnitude of wg when z = e?07 s

wo
K=_ Y
tan (“4%)

which matches the standard Tustin with pre-warp formula

(z—1) B wo
s—>a(2+1), a_itan(%)
Problem 2
Part (a)
Y(z) 0.832

U(z) 22—-1.62+0.81
The characteristic polynomial of the above transfer function is
22— 1.6240.81=0
The poles of the system are the roots of the characteristic polynomial.

(2-0.8)2+017=0= 25 = 0.8+ jV0.17 ~ 0.8 & j0.4123



The given transfer function represents the relationship between the input and the output of the
system. We can find the difference equation by first separating the Y (z) and U(z) terms as follows.

Y (2)(2% — 1.6z + 0.81) = U(2)(0.83z)

We can then take the inverse Z-transform of the above equation to obtain the time-domain expres-
sion. Note that z" represents an advance by n if n > 0 or a delay by n if n < 0. Assuming zero
initial conditions,

Yrt2 — 1.6Yr41 + 0.81yx = 0.83up41

Shifting the indices by two, we obtain the difference equation for yy.

Y — 1.6yr—1 + 0.81yp_o = 0.83ug_1
Yk = 0.83up_1 + 1.6yr_1 — 0.81yk_2

Part (b)

(i) Using the Final Value Theorem to find the final value for a unit step input, we get

Jim ( 1) z 0.83%
= 11miz — .
Yoo =0 (z—1) (22— 162+ 0.81)
B 0.83
- 1-1.6+0.381
0.83
= = ~3.9524
Yoo = gy 73

(ii) To find y(n1), k = ny = 1, we first need to compute y(ng). For a unit step input,

1, k>0
“(k):{o k<0

and assuming zero initial conditions for y(k) and z(k),
y(no) = y(0) = 0.83u(—1) + 1.6y(—1) — 0.81y(—2) =0
Now we can use the value for y(ng) to find y(n1).

y(n1) = y(1) = 0.83u(0) + 1.6y(0) — 0.81y(—1)
— 0.83(1) + 1.6(0)
y(n1) = 0.83

(ili) We can use the value found in (ii) for y(n1) to find y(ne).

y(n2) = y(2) = 0.83u(1) + 1.6y(1) — 0.81y(0)
= 0.83(1) + 1.6(0.83)
y(ng) = 2.158



Part (c)
We know y(k) will have the form
y(k) = K + c12¥ + ca2b

We can use the values found in Part (b) to solve for the values of K, ¢;, and ¢3. We can first solve
for K by using the final value found in Part (b)-(i). Also recall that {212} = 0.8 < 1 (as found in
Part (a)), so 2¥ and 24 will converge to zero as k — oc.

Yoo = lim y(k) = lim (K + c12F + ca28) = K
k—o00 k—oo
Therefore,
0.83
0.21 395

We can solve for ¢; and ¢y by setting up a system of equations using the values for y(ng) and y(nq)
(or y(n1) and y(n2)) that we found in Part (b).

y(no)
ni

y(n1)

y(O):K+c1+02:0 c1 + o =-—-K
y(1) = K 4+ c121 + 229 = 0.83 z1c1 + z9c9 =083 - K

In matrix form,
1 1| || -K
VA ) C2 o 0.83 - K

We can then use the MATLAB command x = a\b to find ¢; and co, where

_|1a . 1 1 . -K
o [02] AT [Zl 22] y and b= [0.83—](]
We find that
¢p = —1.9762 — j0.0479
co = —1.9762 + 50.0479
Part (d)

Y(z) 222 —2-017
U(z) 22—1.62+0.81

Following the same procedure as above

Part (d)-(a)

The poles of the system are the same as for the first transfer function since their characteristic
polynomials are the same. So

212 =08+ 7v0.17~ 0.8 £ j0.4123



Separating the terms Y (z) and U(z) we get
Y (2)(2% — 1.6z +0.81) = U(2)(22° — z — 0.17)
Thus, the difference equation is
y(k+2) —1.6y(k + 1)+ 0.81y(k) = 2u(k 4+ 2) — u(k + 1) — 0.17u(k)
Shifting the indices by two,

y(k) =2u(k) —u(k — 1) — 0.17u(k — 2) + 1.6y(k — 1) — 0.81y(k — 2)

Part (d)-(b)

(i) Using the Final Value Theorem,

Yoo = lim (2 — 1) z 222 — 2 —0.17
z—1 (z—1) 22-1.62+0.81
. 2-1-017
1-1.6+081

Yoo = % ~ 3.9524
(ii) First, we compute y(ng) (using the same unit step as with the first system and assuming zero
initial conditions).
y(ng) = y(0) = 2u(0) — u(—1) — 0.17u(—2) + 1.6y(—1) — 0.81y(—2) = 2
We can now compute y(n1) using the above value for y(ng).

y(n1)y(l) = 2u(1) — u(0) — 0.17u(—1) + 1.6y(0) — 0.81y(—1)
—2-1+16(2)
y(ny) =4.2

(iii) Using the values for y(ng) and y(ny) as found above, we can compute y(ns).
y(n2)y(2) = 2u(2) — u(1) — 0.17u(0) + 1.6y(1) — 0.81y(0)
—2-1-0.17+1.6(4.2) — 0.81(2)
y(n2) = 5.93
Part (d)-(c)
The expression for y(k) will be of the form
y(k) = K + c127 + co28

Using the values found in Part (d)-(b), the following equations are formed.

y(no)
ni

Yy
=
y(n1) =y(l) = K + c121 + cozo = 4.2 z1c1 + 29¢c0 =42-K

(0):K+Cl+02:2 { c1 + o =2-K

5



In matrix form,
1 1)|a| |2-K
Z1 29 (&) o 4.2 - K

We can then use the MATLAB command x = a\b to find ¢; and co, where

e IR [2-K
r= |:CQ:| ’ A o [21 ZQ:| ’ and bi |:4.2—K:|
We find that
1 = —0.9762 — j2.1944
¢y = —0.9762 + j2.1944
Problem 3
Part (a)

Y .
(2) = 083(2+1) , T = 0.1sec
U(z) 2?2—-1.62+0.81

The above transfer function has the following poles and zeros:

e Poles: 2192 =08+ jv0.17 = 0.8 £ 50.4123

e Zeros: zp = —1

To find the “matched” CT transfer function, we use the following transformation on the poles:

2z — 5T

This is equivalent to

red? — 5T

where 7 is the magnitude of z and 6 is the phase of z. Thus,

5= o (n(r) + j0)

Using this transformation, we obtain the following values for the poles of the CT transfer function:
s1,2 = —1.053 £ 74.7588

The zero at —1 from the DT transfer function is an addition to ensure that the denominator does
not exceed the order of the numerator by more than one. Therefore, we do not take this zero
into account when computing the “matched” CT transfer function. Therefore, the “matched” CT
transfer function is

Y(s) 1 K
U(s) ~  (s+1.0536 — j4.7588)(s + 1.5037 + j4.7588)  s2 + 2.1072s + 23.7565




To find the value of K, we need to match the DC gains of the DT and CT transfer functions. The
magnitude of the DT transfer function is:

Y(e®) | 0.83-2
U(ed)| |1—1.6+0.81
| 1.66
~0.21
/2 7.9048
The magnitude of the CT transfer function is:
Y(0)] K
U0)| |23.7565
Therefore,
K= 1.66 23.7565 ~ 187.7893
021 7 T
So, the “matched” CT transfer function is
Y(s) 187.7893

U(s) 24 2.1072s + 23.7565

Part (b)

To find the analytic expression for ypr(k), we can follow the same procedure as in Problem 2 (b)
- ().
We know the ypg (k) will be of the form

ypr(k) = Kpr + cipr2y + coapr2h

Using the Final Value Theorem, we find the final value for a unit step input and, by extension, the
value of Kpr.

~ 7.9048 = KDT

2 0.83(z + 1) } 166

=1 -1 =
ypree = lim(z = 1) [(z —1) 22-162+081] 0.21

Solving for y(0) and y(1), we can set up a system of equations to solve for ¢; and cs.
yr = 0.83ug—1 + 0.83ug_2 + yr—1 — 0.81yr_o
With

1, k>0
“(k)_{ 0, k<0

and assuming initial conditions, we find

y(0) =0 and y(1) =0.83

Therefore,

y(0) = K + cipr + capr =0 cipr + copr =—K
y(1) = K + ciprz1 + caprza = 0.83 zicipr + zcopr =083 - K



In matrix form,
1 1 CipT| -K
21 22| |C2DT - 0.83 - K

We can then use the MATLAB command x = a\b to find ¢; and ¢y, where

__|abpr (11 _ —-K
v [CQDT:| A= Ll zJ , and b= [0.83—1(]
We find that
cipr = —3.9524 + 50.9107
o = —3.9524 — §0.9107
So
ypr(k) = Kpr + ciprzt + caprh
where
1.66
Kpr = — =~ 7.904
pT = gy 19048

cipr = —3.9524 + j0.9107

copr = —3.9524 — j0.9107
21 = 0.8+ j3/0.17 ~ 0.8 + j0.4123
29 = 0.8 — j/0.17 ~ 0.8 — j0.4123

To find the analytic expression for yor(t), we can use partial fraction expansion and take the inverse
Laplace transform of the resulting expanded terms.

Y (s) 187.7893
U(s) ~ (s —s1)(s — 52)

where 519 = —1.053 £ j4.7588.
When the input is a unit step,

So
187.7893

s(s—s1)(s — s2)
We can solve for Ko, cior, and coor by multiplying both sides of the above equation by the
product of the poles.

Cc C
Y(S) _ cT 1CT + 2CT >

K
= 187.7893 < +
S S — 81 S — 89

Kor(s —s1)(s — s2) + cio78(s — s2) + cacrs(s — s1) = 187.7893

In matrix form,

1 1 1 Keor 0
—(s1+52) —s2 —s1| |ccr| = 0
5189 0 0 CooT 187.7893



We can then use the MATLAB command x = a\b to find ¢; and ¢y, where

Ker 1 1 1 0
r= |cor| , A= |—(s1+s2) —s2 —s1| , and b= 0
CoCT 51892 0 0 187.7893
We find that
Ko = 7.9048

cier = —3.9524 + j0.8751
cocT = —3.9524 — j0.8751

Taking the inverse Laplace transform of

K
Y(s) = 187.7893( Ty aer T )

§— 81 s — 82
we find the analytic expression for yor(t).
yCT(t) = Kor + ClC’Teslt + 020T652t

where

Kor = 7.9048

cror = —3.9524 + j0.8751

cocr = —3.9524 — 50.8751
s1 = —1.053 + j4.7588
9 = —1.053 — j4.7538

Step Responses for yCT(t) and yDT(k)
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Figure 2: Plot showing the difference between the two (yor(t) — ypr(k)) for t =0:0.01 : 10.



Part (c)

Our new DT transfer function will still have the same poles, since we want the same basic shape,
but we will adjust the zero and the gain to find a better match for the CT transfer function. Thus,
our new DT transfer function will be of the form

Y(2)  Aiz+ Asz
U(z) 22-1.62+0.81

This corresponds to the difference equation

Y = Ajug_1 + Agug_o + 1.6yp—1 — 0.81ys_o

Since we used the “matched” method for converting between the DT and CT transfer functions,
we know that

s — %(ln(r) + j0)

Therefore
et — e(%(ln(r)-{-j@))t _ eln(rt/T)eth/T — /T pi0t/T _ (Teje)t/T — /T

Therefore, the analytic expression we found for yor(t) in the Part (b) is equivalent to

/ /T

t/T ¢
yer(t) = Kor + ciorz) ™ + caorzy
At the points where ¢t = kT, this expression becomes

yor(t) = Kor + cior2y + caor2h

So if we want to find a DT transfer function whose step response will exactly match that of the
CT transfer function, we simply need to set the coefficients equal to each other. So

C1DT = C10T and CoDT = C20T

Note that Kpr is already equal to Kop.

At time k = 0,
ypr(0) = Kpr + cicr + c2cr =0

In terms of the difference equation, this means that
Yo — 1.6y—_1 + 0.81ly_o =0

Therefore, the input must be zero at time & = 0. This also shows that there is no uy term in the
difference equation and, by extension, no 22 in the numerator of the DT transfer function.

At time k£ =1,
ypr(l) = Kpr + cicrz1 + cacr22

In terms of the difference equation, this means that
y1 = Ajug + Agu_1 4+ 1.6yg — 0.81y_1 = A1 = Kpr + cicrz1 + caorzo = 0.8594
since u_1 = yp = y—1 = 0 and ug = 1 (u(k) is a unit step input). So

A1 =~ 0.8594

10



and
Y (2) 0.85942 4 Asz

U(z) 22—-1.6z+0.81

We can now use the Final Value theorem to find As.

I ( 1) z A1z + Asz Ay + Ay
= lim(z — . =
Yoo =0 (z—1) 22— 16z+081 0.21

~ 7.9048 = Kpr

So
Ay = 0.21Kp; — A1 = 0.21 - 7.9048 — 0.8594 ~ 0.8006

Therefore, the new DT transfer function

Y(z)  0.8594 + 0.8006z
U(z)  22-1.6z+081

will match our CT transfer function exactly.

(k)

Step Responses for yCT(t) and YT new!
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Yor(h)
[} 10 - = - yDT,new(k) :
©
2
3 5 1
S
<
O -
_5 | | | | |
0 1 2 3 4 5 6 7 8 9 10
Time (sec)
Difference between yCT(t) and Yor new(k)
1 T T
0.5 i
(]
©
2
i 0
IS
<
-0.5F .
_1 | | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10

Time (sec)

Figure 3: Plot showing the difference between the step responses of the CT transfer function and
the new DT transfer function designed to exactly match the CT transfer function using the analytic
expressions for the step responses. As seen in the bottom figure, the difference is zero for all ¢.
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Step Response
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Figure 4: Plot showing the difference between the step responses of the CT transfer function and
the new DT transfer function using the step command in MATLAB. This problem shows that
adding a zero at —1 to make the difference of degrees between the numerator and denominator
of a matched DT transfer function at most one is a good approximation, but not exact. The
approximation may or may not be acceptable depending on the application.
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Problem 4

Part (a)
o) (2 — 0.625)
Z) =
(z — 1.25)(2 — 1.25)
L)f\{*(;\(d"
/\,’/ i e , £, = 0.8+ |0-5454
r ' \ ‘
!
b = \; .
'Z\T\ 0442;” l.ls;
el NN ,
\\\ //.Zf: 0.6-30.5'4-:‘\'

Figure 5: Root locus plot for G(z).

The characteristic equation for this system is:

(z —1.25) + K (2 — 0.625) = 22 + (K — 2.5)z + (1.25% — 0.625K) = 0

The two poles at 1.25 will branch out as K increases and will rejoin on the real line at some point
to the left of the zero 0.625. One will then head to the zero while the other will go off to negative
infinity. The point at which the rejoin on the real can be found by using the following equation
whose roots are the locations of multiple roots (of the same value):

% (‘e@) B

% (—G;ZJ = % (—(z = 0.625) (2 — 1.25)%)

= (2 —0.625)"2(2 — 1.25)% — 2(z — 0.625) (2 — 1.25)
= (2 —0.625)72(z — 1.25) [z — 1.25 — 2(2 — 0.625)]

= (2 —0.625)"%(z — 1.25)(—=2)

For the given transfer function,

which is zero when
z=0 or z=1.25

The two poles start at z = 1.25, and now we know that they will rejoin on the real axis at the
origin.

13



The closed-loop system will be stable when the closed-loop poles are inside the unit circle. Thus,
the values of K for which the root locus crosses the unit circle will give us the bounds on K for
stability.

Clearly, the root locus will cross the unit circle on the real line at z; = —1. The value of K at this
point can be found by plugging z = —1 into the characteristic equation.

(=1 —1.25)2 + K(—1 —0.625) = 5.0625 — 1.625K = 0 = K ~ 3.1154

To find the locations of the two other poles on the root locus that cross the unit circle, we can take
advantage of the fact that all points on the unit circle have magnitude one.

22| = 1= |20f? =

From the characteristic equation, we can express the poles as a function of K.

—(K —2.5) + /(K — 2.5)2 — 4(1.25%2 — 0.625K)
2

z =

We know that 2 is complex, so the term in the square root will be negative, thus resulting in an
imaginary component. Therefore, we can express z as follows:

L —(K —2.5) + j\/4(1.252 — 0.625K) — (K — 2.5)2

2
Therefore,
o2 = | 2= 25) +j/4(1.25% — 0.625K) — (K — 2.5)2
o 2
1
= [(K =2.5) + (4(1.25" - 0.625K) — (K — 2.5)%)]
1
=1 [4(1.25% — 0.625K)]
|20)* = 1.25% — 0.625K

Since |29]? = 1, we can now solve for K.
1257 — 0.625K =1= K = 0.9

We can now plug this value of K back into our general equation for z as a function of K to find zs.

—(0.9-25 0.0 —2.5)2 —4(1.252 — 0.625 - 0.9
= )+ VI 2) ( ) ~ 0.8+ j0.5454

Therefore, the values of the z-plane poles when the root locus crosses the unit circle are:
z1=-1, z9 = 0.8 + 5j0.5454 | and z5 = 0.8 — j0.5454

The range of K for stability is
0.9 < K <0.31154

14



Part (b)

1
A& = ooz _0e © L 00

Figure 6: Root locus plot for H(z).

The characteristic equation for this system is:

(z—0.6)>+ K =0

To draw the root locus, we need to calculate the number of asymptotes and the angle of the
asymptotes. The number of asymptotes is the difference between the number of poles and the
number of zeros. Therefore, there will be three asymptotes. The angles of the asymptotes are:

(2k + 1)180°

= k 0,1,... N—M -1
d)k N_M ’ 6{77 ) }

where N is the number of open-loop poles and M is the number of open-loop zeros. Therefore,

2k + 1)180°
Qbk:(—i_s), k’E{O,l,Q}

and
¢p = 60° , ¢ = 180° , and @2 = 300° = —60°

The centroid from which the asymptotes radiate is given by

25:1 Pn — Z%:l Zm
N-M

o =

where p,, is the nth pole, 1 <n < N, and z,, is the mth zero, 1 < m < M. Therefore,

3.06-0

=0.6
3

(0%
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The characteristic equation is
1+KH(z)=0=KH(z2)=-1= |KH(z)| =1
For z =0,

KHO) = K| =

06| = |K[(0.216)"t =1

= K =0.216

To find the locations of the other two poles for this value of K, we can plug the value of K found
above into the characteristic equation.

(z—0.6)> 4+ 0.216 = 23 — 1.822 + 1.08%
= 2(2% — 1.82 + 1.08)
=2((z—0.9%+027) =0
=2=0, 0.9=+;V0.27

So the locations of the poles when K = 0.216 are
20 = 0 y 212 = 0.9 :|:j\/ 0.27
The corresponding underdamped s-plane poles are found using the “matched” transformation
1
5= (n(r) + j0)

where z = re??. For the underdamped z-plane poles,

V0.27
r=v081+027=+1.08, and 65 =tan ' (iog) ~ £0.5236

Therefore,

1
512 = 5 (IN(VL.08 £ j0.5236) ~ 1.9240 & j26.1799

A second-order characteristic equation can expressed in the form
$2 + 2¢wps +wi =0
The following manipulations show how to express s in terms of o and wy.
2+ 2wns + wp = (s 4 Cwn)? — Cuwpy +wi = (s + Cwn)* +wp(1-¢*) =0

= s = —Cwp £ jwnv/1—¢?

§=—0 % jwq

where 0 = w,, and wg = w,+/1 — C2.

So, for the corresponding underdamped s-plane poles,

o = —1.9240 , and wq = 26.1799
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Part (c)
Using the transformation
z— el
we can find the corresponding parameter specifications in the z-plane.

e 0 =>5rad/s.

S=—0+ jwg ¢ z =T = e T ejwal

So, for o =5 rad/s and T' = 0.02 s,

5 = €—5T€]wdT

which corresponds to a circle of radius r = e 2002 = ¢=0-1 ~ (0.9048.

The case where s = —0 — jwy yields essentially the same result.

e wy =25rad/s
z=e eIl = 79T ¢os(25T) + je 7 sin(257)

which corresponds to a line at an angle of § = 25T = 0.5 rad, T'= 0.02 s.

For the case where s = —0 — jwy,
z=e e IBT — ¢7T ¢05(25T) — je T sin(25T)
which corresponds to a line at an angle of 8 = —257 = —0.5 rad, T = 0.02 s.

e (=07
As noted in Part (b),

which implies that

W, = e
Therefore,
_ o o Cwq .
§=—0+ jwg = —Cwp, + jwqg = —17@ + Jwq

which, in the z-plane, corresponds to

s exp (—4) exp(je)
-

For ¢ = 0.7,

0.7Twy . .
z2=exp | —————— | - exp(Jwy) =~ exp(—0.9802wy) - exp(jw
b (-t ) - expln) ~ exl - explji)

which corresponds to a logarithmic spiral.

The case where s = —0 — jwy yields essentially the same result.
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Root Locus

15 T T T T T T T T
Root Locus
o = 5 rad/sec
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Figure 7: Root locus plot of H(z) with mapped construction lines for o = 5 rad/s, { = 0.7, and
wg = 25 rad/s. The intersections of the construction lines with the root locus clearly show where
the complex conjugate pair poles will correspond to the three parameter specifications.

Problem 5
Part (a)
Glz) = — =01
T 08 -
\M‘\’S&\p R )
, -

qwﬁf: &, \‘O/\l—,b
Y R |

o8 —

Figure 8: Pole-zero plot for G(z).

18



The pause of a transfer function is given by the phase of its zeros minus the phase of its poles. So,

/Gza) = —p = —90°

Thus,

_1 (0.8

waI = cos — | &~ 0.6435rad
1.0
Therefore,
we = 6.4350rad/s
and '
2 = €/ =084 0.6

Part (b)

1

G(z) =

(z—0.8)(z — 0.8)
C(z) = K(z + a)

Figure 9: Pole-zero plot for G(z).

There are now two poles at z = 0.8, so the phase is twice that of the previous transfer function
(from Part (a)). Therefore,
G(z1) =2-(—90°) = —180%rc

In order to add 45° of phase to the system, we need to add a zero that has a phase of 45°. Therefore,

—a=08~-0.6=0.2
=a=-—0.2
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At the crossover frequency, the magnitude is 0 dB = 1. Therefore,

O (7 T)G (7% T)| = 1
= |K (/T + a)||G(e?*T)| = 1
1

K| = — A
= [T T oG]
_|edwT —0.8]?
— [eswaT — 2
_ 1506
0.6 + 0.6
0.62
K| =
0.6v/2
K= ?/'g ~ 0.4243
Therefore,
0.6
C(z) = —=(z —0.2) = 0.4243(z — 0.2)
V2
Problem 6
Part (a)
z
Pi)= —"
()= 273719

C(z) = K(z +a)
Desired closed-loop poles: z; = 0.95, zo0 = 0.4

The characteristic equation is
1+CP=22-12:4+19+Kz(z+1) = (K+ 1)z + (aK —1.2)24+1.9=0

We can now plug in our two desired closed-loop poles and obtain a system of (two) equations to
solve for K and a.

For z = 0.95,

(K+1)z2+(aK—1.2)z+1.9 = (K+1)0.9025+ (aK —1.2)0.95+1.9 = 0.9025 K +0.95a K +1.6625 = 0
For z = 0.5,

(K + 1)22 + (aK —12)241.9= (K +1)0.16 4+ (aK —1.2)04+ 1.9 =0.16 K + 0.4aK + 1.58 =0

In matrix form,

0.9025 095| | K | [-1.6625
016 04| |aK| | —1.58

We can then use the MATLAB command x = a\b to find K and aK, where

i K A 0.9025 0.95 and b —1.6625
- |laK| 1016 04]° | —1.58
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We find that

K =4
aK = —5.55 = a = —1.3875

So
C(z) = 4(z — 1.3875)

Part (b)

2
22 -122+19

C(z)=K(z+a)

P(z) =

Desired closed-loop poles: z; = 0.95, zo = 0.01

The characteristic equation is
1+CP=2-12:4+19+Kz(z+1) = (K+ 1)z + (aK —1.2)24+1.9=0

We can now plug in our two desired closed-loop poles and obtain a system of (two) equations to
solve for K and a.

For z = 0.95,
(K4+1)2%+(aK —1.2)24+1.9 = (K +1)0.9025+ (aK —1.2)0.95+1.9 = 0.9025K 4+0.95aK +1.6625 = 0
For z = 0.01,
(K4+1)2%+(aK —1.2)24+1.9 = (K +1)0.0001+ (aK —1.2)0.01+1.9 = 0.0001 K 4+0.01aK +1.8881 = 0
In matrix form,

0.9025 095| | K | [-1.6625

0.0001 0.01| |aK| | —1.881

We can then use the MATLAB command x = a\b to find K and aK, where

i K A 0.9025 0.95 and b— —1.6625
T laK| ~10.0001 0.01] ’ ~ | —1.881
We find that
K =199
aK = —190.8 = a = —0.9588
So

C(z) = 199(z — 0.9588)
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Part (c)

If one of the desired poles is at the origin, the desired characteristic equation would be
2(z—p)=2>—pz=0
where p is the other desired pole location. In order for our actual characteristic equation

(K+1)22 + (aK —1.2)2+1.9=0

o 2y aK —1.2 N 1.9 0
K+1 K+1)

to equal the desired characteristic equation, we would have to have

L9
K+1

which would only be possible if K — oo, which is not physically feasible.

Part (d)

The desired characteristic equation for a deadbeat controller is
2" =0

where n is the number of poles of the closed-loop system. With a controller, Cgy.(z), our actual
characteristic equation is
22 —1.2241.94 2Cp.(2) =0

In order for this equation to have the desired form, Cg.(z) will have to be designed to cancel out
the terms of order less than two. We can do this by having a pole at the origin to cancel out the
zero from the plant and having a numerator of (1.2z — 1.9) to cancel out the terms of order less
than two from the denominator of the plant transfer function. Therefore,

1.22—-1.9
Cape(2) = ——
z
Problem 7
Part (a)
1
P(z) = ——
()= 308
The poles of this system are
z1 = —0.9283

zg = 0.4642 + 70.8039
z3 = 0.4642 — 70.8039

To find the analytic expression for y(k), we can follow the same procedure as in Problem 2 (a) -

(c).
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Separating the Y (z) and U(z) terms:
Y (2)(23 +0.8) = U(z)

Taking the inverse Z-transform,
Yr+3 +0.8yr = uy,
Shifting the indices by three,
Yr = up—3 — 0.8yk—3

For a unit step input, we know the y(k) will be of the form

y(k) =K+ clz’f + 022]2“ + 03z§

Using the Final Value Theorem, we find the final value for a unit step input and, by extension, the
value of K.

1 1
szngmu—l)[ : } °

: = =~ 0.556
(z—1) 23408 0.1.89

Solving for y(0) and y(1), we can set up a system of equations to solve for ¢; and cs.

Yp = Up—3 — 0.8yr_3

With

1, k>0
“(k)_{ 0, k<0

and assuming initial conditions, we find

y(0)=0, y(1)=0, and y(2)=0
Therefore,
y(O)ZK+C1+CQ—|—03:O ¢ + co + cg =—-K
y(l) = K +c121 +coza+c323 =0 = z1c1 + 29c9 + z3c3 = —K
9(2) =K+ ClZ% + CQZ% + ngg =0 Z%Cl + Z%CQ + Z%Cg =K
In matrix form,
1 1 1 c1 -K
Z1 29 23 |l =|1-K
22 25 23 e -K

We can then use the MATLAB command x = a\b to find ¢; and ¢, where

c1 1 1 1 -K
r= |co| , A= |21 29 =z3| , and b= |-K
c3 22 22 22 —-K
We find that
c1 = —2.006

¢y = —0.1775 + j0.3589
3 = —0.1775 — j0.3589
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So

where

Part (b)

yk) =K + c12¥ + cozh + c32b

)
K =—-=0.556
9

c1 = —2.006

cg = —0.1775 4 50.3589
c3 = —0.1775 — 50.3589
z1 = —0.9283

zg = 0.4642 + j70.8039
z3 = 0.4642 — 70.8039

Step response for ¥p(k)
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Figure 10
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: Step response for the DT system, P(z), with T'= 0.1 seconds.
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Part (c)

Step responses (overlayed) for yP(k) and yP(t)

1.2 T T T
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Figure 11: Overlay of “continuous” step response onto discrete step response. Note the ripples
between samples. This shows that we must be careful when designing discrete controllers because
a seemingly well-behaved sampled response may, in reality, stem from a poorly-behaved system.
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