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HW 4 Solutions

1. Monotomic linear lattice, mass m, spacing a, nearest neighbor interaction (spring constant) C.

a) Consider longitudinal wave: NS =u; =u cos (wt—ska) | The total energy of the wave

is the sum over all atoms of the energy of each atom. From mechanics, we know that the
instantaneous energy of a harmonic oscillator has a kinetic energy term and a potential
energy term. The potential term depends only on the force constant and the displacement of
the oscillator from equilibrium. Thus the linear lattice can be repeated as a series of springs
with masses (atoms) attached.

The potential energy associated with the sth spring is

1 2 1 2
PES —> §C (US-I-]._US) = §C (US—U5+1)

The Kinetic energy associated with the sth mass is

2
KEs—>~Mug2=1M (d“Sj
2 2 dt

By summing over all atoms we get the total energy:

2
1 du 1 2
U(t)= 2 M E (dtsj s C E I,(US —“s+1) (instantaneous)
S S

dug :
b) For longitudinal wave Ug =U cos (wt—ska) | we have qp . eusin (wt-ska) ang

2
U(t) = Z {; Mw2u? sin? (wt-ska) + ; cu? [cos(a)t—ska)—cos(a)t—ska—ka)] }

2
The last term has the form | cos(a—f)—cosa | with a = ot —ska, S =ka . Sowe can use the
trigonometric identity

cos(a—/) = cos & cos 3 + sin a sin

1,222 1.2 °
U(t):Z{ZMa) u”sin® a+>Cu (com(cosﬁ—l)+sinasin,8)}
5
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: 1 Lo : :
= Z{ M o?u }sm2 a+ 2Cu2 (0052 a(cosﬂ—1)2+2cosa(cosﬂ—l)smasm ,B+sm2asm2,8)

To get the average, we integrate over the period of wave, t

e 207 1
U =j u@d, r=-"="
0 (0]

T

T T
I sin2 adt = ;; J. cos2 adt = ; Zsm a Cos adt = J. sin 2¢dt =

0 2 0
So,
-1 2
U=_-Mw 2 Zi —Cu |:T/2(COSﬁ 1)2 I/ sin ,B}
2 r 2 T
-1 1
U= 2 M w2u2 + 4Cu2 [cos2 ﬁ—2cosﬁ+1+sin2ﬁ}
-1 1
U= Maou? +2Cu2[1—cosﬂ]
2
for linear monatomic lattice we have @ :W(l—cosﬁ). So that

_ 1 22 1 22 1 2 2
U—ZMCD u +ZMO) u —El\/la) u

3. Diatomic Chain
From assumptions of nearest neighbor-interaction, equal masses but unequal spring constants, C,

and C; derived in lecture, the force equations on the atoms in the sth unit cell

q2

An
dtiz C]. (Arz S—Arl S) C2 (Arl’S—ArZ’S_l)

2
d Arz S

dtz = C2 (Arlls_H_—Arzys) - Cl (AI’Z’S—AFLS)

Assuming the discrete wave solutions
_ j(ksa—at) B j(ksa—at)
Arl,S = Arle ) ArZ,S = Arze

We found the coupled algebraic equations for the amplitudes Ar; and Ar,
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mw?-C1-C, Cy+Cpe k@ || A1
=0
C1+CeM  mo?-Ci-Cy || ar,

A non-trivial solution for Ar; and Ar, requires that the 2x2 matrix be non-invertible = det{ } =0

_ m?0® +(C4C, )% - 2m(CCy) 0 - (c2+c2 e, coska) = 0

2 C1+02 1 + optical branch
(0] =

(C1+Cz) —2C1Cp(1-coska) {

m — acoustical branch
(@ Atka=0
p? = Gtle  0tG (- sign,acoustical branch)
m m
0° = 2<Clr:C2> - Z;C for C, =10-C, =10C

or w= ,/Z;C (+ sign,optical branch)

(b) At ka =m, cos ka=—1
0)2 C:I_+C2 +

L e 2acc,

or w= ﬂii (C— )2 = 2G = 2 —sign, acoustical branch
2
m m m m
= ,/& = ,/@ (+sign, optical branch]
m m

4. Acoustical phonons in a two-dim lattice

@ Excluding zero point term, and assuming the two acoustic waves have the same velocity,

=2["<n, >ha>kD(w)=2j'”D—ha’kD(a’)dw

0 ehw/kBT _l

2 polarizations, one longitudinal, one transverse

dN (k) dk di(LY ,,|ldo A
For each polarization D (@) = ( )—dw:—{(—J ﬂkz} @ —ﬁda)

dk dw dk [\ 27 v 27V

where we have @ = kv — velocity of sound and @, is defined by
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@ o Aw Aw,’ A (o ho'do
N, :jo D(w)dwzjo Py do= 4”52 . Thus,(U)= — IO ok
, A(KeT) (oo X2dx ho
Define X =haw/k,T =(U)= ivzhz) .[0 S %= kB'II'D :
- . = X2dX
(b) In the limit of low temperature, X, =@, /KT — 0. And using the fact IO 1 2.40, we
_ (2.40)A(k,T)”  (2.40)(4N.)(ksT)  9.6Nc (kT
find <U>E > = 2.2 = 23,2
VR wp h Wy h
C, ~ d(U) 7.20-A-k,°T?
AT v
©) In the limit high temperature zl
e -1 X
3 . 3 2 2
So, <U>z@f ° xdx = A(kSTZ) ¥ _ A(ksT )2% . But from definition of w
VR Y0 avhT 2 2V
2
in two dim in (a), we have @’ =%:> (U)=2Nck;T and C, ~ délTJ> = 2Nk, (no

surprise; this is just 2/3 of Dulong-Petit law in 3 dim).

6. A 3-dim lattice with four atoms per primitive cell

(@) The number of acoustical lattice waves is 3. The number of optical lattice waves is 9 . Of all the
optical waves, 3 are longitudinal and 6 are transverse.

(b) From Chapter 4, the total energy of acoustical phonons according to the Debye model is

Y, kT“D"Sx 3 o y3 . .
<Utot>zz—hz 3 ( 5 ) j d Z?:N ko T KT I de subject to the constraint
o1 27V, \ T ) € hoy ) 3 € -1
67%v, °
%,p3 = % where N¢ is the number of unit cells, V is the volume of the crystal sample, and

Vs is the speed of sound for the pth wave type (i.e., polarization). In the limit of low temperature, xp

3 4
= Tp/T gets very large so we can approximate I dxl = 71z—5 And we get
3 3 3 4 3
<U,, >= Z”— kT . The heat capacity is Cy = d<Uyu>/dT = = 4L KT
p=1 5 ha)D p=1 5 ha)D
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6 2V 3
(c) The Debye frequency is given by a)D'pe' = % where N¢/V is the inverse volume of a

-1

primitive cell. Substitution of the sample parameters leads to wp = 6.3x10™* s, Application of the

relation (kyT, /7)° = e, *then yields Tp = 479 K.
(d) At77 Kwe have T < Tp so the low-temperature expression in (b) should be a good approximation,
and the sum over polarizations p leads to a factor of 3 since all acoustic waves are assume to have the

3
same speed of sound, 5000 m/s. This leads to the result C, —& ~ 12—”&kB [l] = 4.5x10°

JIK.
(e) The classical (Dulong-Petit) heat capacity is given by 3Nkg, and the specific heat capacity by
3(Nc/V)kg = 1.38x10° J/K — 3 times larger than the 77-K value.



