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HW#2 Solutions, Chapter 8, Problems 1-5

1. Diamagnetic susceptibility of atomic hydrogen:
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Wave function 8, L &= 0.529A . The appropriate expression for atomic
diamagnetic susceptibility is:
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where n is the number of atoms N per unit volume V.
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can immediately integrate over 0 and ¢ to get
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Let N = Avogadro’s number — 6.02x10 atoms/mme.

— y=-3.0x10""/V where V is the volume of the 1-mole sample in m’.

2. Paramagnetic Problem: (a) For any magnetic dipole U=-m-B and for a total angular momentum

j, M=-gugJ where g = 1 and thus —M-B=gupd -B=upm; B (g0 My =+L0and -1 ¢

J=1. So we have three energy levels U, = 1B , U,=0,U;=—B
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(b) according to Boltzmann statistics <y >= N Z m e kel

n=1

—ugB ugB
(e %BT+1+e %BT)‘ So

along zaxis, M =—pZ;M, =0;M, =+x,7

—npB ugB
and <m>=Ngy,-2(-e %BT+e %BT)

© M= b ? =y = ,Uo| M% | = ﬂ0n|< m%m where n is the density of magnetic dipoles per
m ﬂo m

— ugB 1B
unit volume so for B along Z , X = (,ugn-N/B)(e %BT —-e %BT)

(d) For high temperatures, 1,B/K, T <1= g, ~ t,1sNN22,B/(k;T) (by Taylor expansion)

~#gB 4gB
N =(e Hr +1+e %BT)’1 ~1/3

But at high temperatures: (also by Taylor expansion)

SOy, =2nu " /3K T =C/T = C=2-np " /3K

(e) for n=1x10"[cm>]=1x10"[M~]= y,, =C/T =0.522/T =1.74x10 at T =300 K.

3. Langevin model of Paramagnetism

(a) For the classical magnetic dipole, we have U =, - B, . Without loss of generality we
can choose Biocal (henceforth written as By ) along the z axis in a spherical coordinate system, so
that Uy, = -mpBrcosO . The probability phase space is defined simply by the solid angle since the
dipole can be pointed anywhere along a direction 6,¢ . The probability of pointing in a certain

direction is dictated by the Boltzmann ansatz,

F(0.0)=— exp[-U(0,¢)/kgT)] _— exp[m,B, cos@/kgT)]

j exp[-U(8,¢)/kyT1dQ j exp[m, B, cos8/K,T 1dQ
0 0

where dQ is the differential solid angle, dQ2 = sinf d6 d¢.. It also allows us to treat the dipole

using the inherently random radial unit vector in spherical coordinates,
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m=m,f =m,(Xsin@cos@ + ysin@sing + Zcos )

This by statistical principles, we can write the mean value of the magnetic dipole moment:

2r &
j Jmo()?sinecos¢+§/sin05in¢)+2c050)exp[moBLcosﬁ)/kBT]Sin9d9d¢

0

<M >=

Jexp[mOBL cos@/kgT ]sinfdad ¢
0

Clearly the terms in the numerator that include the x and y unit vectors vanish since they involve
integrating cos¢ or sing from 0 to 2n. The term containing the z unit vector can be evaluated

through the substitution W = moB; /kgT .

Jmo(icosa)expwv cos@]sin@dg
S 0
<M >= — 1)
Jexp[\N cos@]sinfdag
0

Evaluation of the denominator leads to

2

exp(W cos8)[* 2 GnhW )
w1 Tw @)

w

The numerator is a bit more work, requiring integration by parts. We set U = cos0 dO and dV =
sinBexp(Wcos0), and get dU = -sinBdO and V = -exp(Wcos0)/W

Iexp[\N cos@]sin@d@ =—
0

0

Imo(icosa)exp[\N cos@]sin@dOd¢ = UV|:: —IVdU
0 0

eV eV

2
=——+—=—coshW
W oW oW 3)

—cos@

UV -

e”  —2sinhW
W2 _W2 ow?

and —deU = J‘Silr\l/ exp(W cos@)d@ = Cxp (\\//VV c0s 0)|

0 0 0

4

Summing (3) and (4), dividing by (2), and substitution into (1) yields
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< ioe mOZ[(Z/W)coshW‘ (2/W “)sinhW _ my2[cothW — (1/W)]
(2/W)sinhW

<m >=m,Z[coth(m,B, /kgT)—(kgT /m,B, )]

This is the famous Langevin function

(b) If there are n such dipoles per unit volume, the mean magnetization becomes
<M >=n<m>=n-mZ[coth(m,B, /kgT)—(kgT /m,B,)] (5)

In the limit of high temperature, it is easy to show that the Taylor’s series of coth(x) for small x
is

coth(x)=1/x +x/3 +....

The first term of this cancels the last term in (5), so that
- B
<M >zn-m0(m° L]i

kgT
The high temperature limit of the paramagnetic susceptibility is
L MM :{nméuo}
"OIHL 1B/l (| keT

4. Another Paramagnetic Problem: (a) For any magnetic dipole U=-mM-B and for a total angular

momentum j, M=-94J where g=1. Thus —M-B=gugd -B=pMm; B pere
m, =+3/2,+1/2,-1/2,-3/2 for J=3/2. So there are four energy levels U, =343B/2, U, = 4zB/2
U, =-psB/2 U, =—31,B/2

_Un
(b) occupancy probability f,= Ne kol ,

—3ugB —ugB 4B 3ugB
N — (e %kBT +e %kBT +e %kBT +e AkBT )—1

-u,
kT

4
(c) average magnetic dipole <m >= N Z m,e . So along z axis (direction of B field),

n=1
M, =-3ux2/2;M, =—pz7/2;M, = pug2/2;M, =3u,2/2 and
—3ugB —npB ugB 3upB
<m>= Ny, -2[-(3/2)e Vot —(1/2)e Pk +(1/2)e Yok +(3/2)e AkBT]
Hg

d M = I % = 4= ,u0| M%B | = ﬂon|< m%@ | where n is the density of magnetic dipoles,so
(o]
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3ugB 4B —ugB —3ugB
o = uzn-N/B)[(3/2)e VT +(1/2)e Vo —(1/2)e Pk —(3/2)e AKBT]

—3ugB —gB ugB 3ugB
Am+e/@ﬂ+eﬁﬁ+e/@JWzU4

—3ugB —ngB ugB 3upB
But —(3/2)e A‘BT—(I/Z)e AKBT+(1/2)e Akﬂ+(3/2)e Tk

(e) For high temperature, N = (&

~ 3. SugB 1 o owupgB oy o wpB 3 3upB  20u.B
¥ -Ol-5 B -2 B Ot S P+ O+ Boy=" "B 4 o
2 2kBT 2 ZkBT 2 ZkBT 2 2kBT B

sothat y_~(5/4)(u,uen/kgT)=C/T,and yes, it can be written as yn = C/T

(f) We know from the Heisenberg model of ferromagnetism that the factor g is very large of order 1000.

This is caused by spin-spin interaction, also called the “exchange” interaction.

5. Curie-Weiss-Heisenberg Model of Ferromagnetism
(a) If I§|m| =B, + 14, M , then by inserting (5) from above, we can write

Biocar = B = Biyy + 720 = By, + . - My 2[coth(m, B, /KgT)—(KgT /m,B,)] (6)
This can be re-written as

B = Bj, +7,n-mg[coth(m,B, /kgT)—(kgT/m,B )] (7
since Br and B, are both along the z axis. Eqn (7) is an implicit equation in By since By, occurs
on both sides and can not be isolated.
(b) Eqn (7) can be solved uniquely for By in the case of spontaneous magnetization, which

means that By # 0 even when B;, = 0. From such a solution, we can get M through M =

Br/(ypo). To proceed we re-write (7) using B = moBr/ksT, under the spontaneous condition:

KgT B/ M, = yun-my[coth(B) —(1/ B)]

or keT B/(nyuymg) =a - B =[coth(B) - (1/ )] ®)
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Fig. 2. Top: Magnetization vs 3. Bottom: Normalized magnetization vs o, a quantity proportional to
temperature. This is the characteristic ferromagnetic phase transition curve. The value of alpha where M
reaches zero defines the Curie temperature.
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magnetic moment per atom. Thus, if mg = pg=9.27x10>* [MKSA], and we set Tc = 300 K, we

can solve for y = 1355, which is not much higher than expected. Putting in a more realistic value

of mp would decrease this quadratically as seen from (10) above

Solution table

p

o« |

0.1
0.2
0.3
0.4
0.5
0.6

0.333
0.332
0.331
0.33
0.328
0.325
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0.7 0.323
0.8 0.32
0.9 0.3165

1 0.313

2 0.269

3 0.224

4 0.188

5 0.16

6 0.139

7 0.122

8 0.109

9 0.0987

10 0.09
12 0.076
14 0.066
16 0.059
18 0.052
20 0.0475
30 0.032
40 0.024
50 0.0196
100 0.0099



