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Optimal Controt of Bacterial Growth”

730 . G. D’Ans, D. GorrLies and P. KokoTrovié

Summary—A stabilizing feedback control is designed for
Haldane-Monod - model of microbial growth. The con-
trolled process is optimal in the sense that it approaches the
maximum production steady-state from any initial state,
while the amount of microorganisms produced in transients
is also maximized. Data from a serles of experiments are
given and used to adjust the model parameters. Satisfactory
agreement between experimental and mode! transients is
obtained.

INTRODUCTION

THE CONTINUOUS cultivation of microorganisms is
used in the fermentation industry, in biological
degradation of wastes, and in many bacteriological
experiments [I-4). In a continuous cultivation
process a fresh nutrient flows into a growth vessel
and the culture from the vessel is harvested in a
collector. The rate of outflow is equal to the rate of
inflow, so that the volume V in the growth vessel
remains constant. If the bacterial concentration in
the growth vessel is x, and the flow rate is f, then
during an operation period

of bacteria =
harvested

the amount ,p
J xfdt. )

[

In many applications an important problem is to
find out how to vary the flow rate so as to maximize
the amount of bacteria produced.

ANALYSIS OF THE GROWTH MODEL

The model of microbial growth used in this paper

is based on the following assumptions [1, 2, 5, 6].

(1) The bacterial population present in the growth

vessel is in exponential phase of growth, that is,
each cell is dividing at the same rate;

ar
where u is the specific growth rate, and x the
bacteria concentration.

(2) Ifasubstrate metabolized by the microorganism
is growth-limiting at lower concentrations and
growth-inhibiting at higher concentrations, then
the specific growth rate u is a function u(s) of
the substrate concentration s, concave for
lower, and convex for higher values of 5. A
convenient way to model such a concave—
convex function is

Hm

K, s
1+ 24—
S K‘

u=pu(s)= , 3)

where p,, is the maximum specific growth rate
in absence of inhibition, K, is the saturation
constant [1, 2], and X is the mhlbmon constant
5, 6].

(3) In each cell formed, the same amount of sub-
strate is incorporated. This amount is a con-

stant fraction of the total amount of substrate
metabolized,

Ax=—YAs, @

where Ax and As are corresponding variations
of x and s, and Y is the yield constant.

In a continuous culture, a fresh nutrient in con-
stant concentration s, flows at a rate finto a growth
vessel where the bacteria and the substrate con-
centrations are x and s, respectively. Assuming that
no bacteria is present in the nutrient reservoir, the
organism balance shows that the change of bacteria
concentration equals growth minus outflow,

dx Hom f
— =" x, (5)
@ Kysm v

s K

The substrate balance shows that the change of
substrate concentration equals inflow minus out-
flow minus substrate metabolized,

14204 5
s K|

It is convenient to normalize (5) and (6) by
introducing K, =K,/s, and K,=s,/K, and the
relative units as shown in Table 1.

TABLE 1. RELATIVE UNITS

Variable x s flv ?
Unit Ys, Sr Hm l/llm

Using these units and constants and denoting the
normalized flow rate f/ ¥ by u, (5) and (6) become

dx s

— = — —ulx 7
dt <K2s2+s+K1 ) M
ds X

—_—=y(l—-8)—— 8
dt ( ) Ky s?+s+K, ®

This is the state-space model of bacterial growth
with x and s considered as the state variables and u
as the control variable. Another form of this model,
with the state variables z=x+s—1 and s, is

?5: —uz ®)

= | —8) —————. (10
dt (u K,s? +s+K >( ) K 2+s+K1( )
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It follows from (9) that the equilibritim states must
satisfy z=0, that is x+s=1. The equiliprium
states, that is the roots (x,, 5,), (X1, §1) and (¥;,52)
of the equations dx/d¢=0 and ds/d¢=0 for u=
const, are ' ‘ ' -

5y

an

=1— =1—u_ l—u K1
Xy 1 M) S 2“Kz * li l-‘-Ez—) —'41—{;) (12)

1-+u 1-u\* K
=l— . = -+ — l'
x=iT5, REIR &\/(uKz) % 1

x,=1 —s,;o,.' s;=-f.

2

Asymptotic stability in the small of these
equilibrium states (6) depends on 4. Consider the
realistic case when K,<K,. Then for u>(l1+
2/K,K;)"' the only stable equilibrium is the
“wash-out” state (11). For (1+K,+K;) '<u
<(14+2/K,K;)"" both (11) and (12) are asympto-

tically stable, while (13) is unstable. For 0<u<(l"

+ K, + K,)™* the only asymptotically stable equilib-
rium is (12). ‘

In this study, an equilibrium is called the opti-
mum steady-state if it is asymptotically stable in
the large and if the amount of bacteria harvested
per unit time is maximum. In the steady-state (12)
this amount is

H=ux= s(1-3)

= 14
K s*+s5+K, (14)

and it will be maximum, H=H"*, if u=u*, where

. .
E S MU— (15)
Kys**+s5*+K,
is the optimum constant flow and (x*, s;‘),
x*=1-—s%, s,___\/K?+K1(1+Kz)—K1 (16)
K,+1

is the corresponding steady-state. To check whether
the steady-state (x*, s*) is stable in the large the
phase-plane portrait of the system (7) and (8) is
given in Fig. 1 for K,;=0"1, K,=2-0 and u=u*
=0-51. The steady-state (x*, s*) is asymptotically
stable with respect to all the initial states below the
separatrix indicated by the dashed line. For the
initial states above the separatrix, the wash-out
steady-state (11) is asymptotically stable. Thus, if
the state (x, s) were above the separatrix, the
control u*=const would not return it to (x*, 5¥).
Instead, the growth will eventually stop, since the
process will approach the wash-out steady-state
x,=0, s,=1. To prevent this, the control u must
not remain at its constant value u*.’

4 suBSTRATE CONC

HALDANE MODEL
Kiz0'|Kg=! u*=056

MICROBIAL CONC.

FiG. 1. Phase-plane trajectories of (7), (8) for K;=0-1,
K;=2 and u=u*=0-51.

OPTIMUM FEEDBACK CONTROL

In this section, a control law is designed to
maximize the bacteria production during transient
periods and to make the steady-state (x*, s*)-
asymptotically stable in the large. Theoretically,
the transients are of infinite duration, that is the
interval (0, T) in the performance index (1) is in-
finite, T=co. Since the integral (1) gives the total
amount of bacteria harvested in both transient and
steady-state operations, it is unbounded when
T=o0. However, from (14) and (15) the maximum
steady-state production is already known to be the
integral of H*=u*x* and this amount can be
subtracted from (1) to give

J='J ” (ux—H¥dt. a7
]

This is the incremental amount of bacteria harvested
due to a transient, and it can be either positive or
negative. A mnegative value of J corresponds to a
loss due to an unfavorable transient, and the maxi-
mization of J then means the minimization of the
loss.

Our problem is to design a feedback control
u(x, 5) to maximize J and to force the growth pro-
cess to the steady-state (x*, 5*)

x(t)—x*
as t—oo (18)
S(t)—rs*

from every initial state x(0)>0, s(0)=0. Since u
represents the flow rate in normalized units, it is

physically constrained,

_J
OSusM=2 (19)

where f is the maximum flow rate permitted by the
available equipment.



AINLIHMB 1 1lVvHd

S SIS "

. ERN v i R N Ly ‘ ) . 4

'l ..<\.|.‘,..M.wmﬁ..u\4|‘. , -

z"
| al®

-a » , A
e v , . \ > : -8 me L O
2 >
= A SENEUPR -
Sy AW\ W‘Q
3 7Y Ay .
e O

.« b Gl

MM,.::»Z -

NY4084dN1 000¥M\d



(Compressor Instabilities} |

L

]

b A

]

| A B B

A 4 4

Surge

\r \;Aa W
o1

——

=
\(/:%@W

Rotating Stall |

| e




MOORE-GREITZER:
PDEs FOR ROTATING STALL

Duct Compressor
| / "DISK? \ Throttie

Upstream: Downstream:
V4(60) =0 V3P, = 0
\/
Acr OMpPressor:

6P, +(m -1 a(gto) a(astq>) + Ka(a: ) =wcl(® + 80)], 4.

Throttie Matching (no surge):
Yc = %KT‘T)Z



Moore-Greitzer model:

® = —V+Vc(P)—-3PR

. 1 @

Vo= 52 (® — P1(V))

R = oR(-R-®2+1), R(0)>0

"R — normalized stall cell squared amplitude (R > 0)
8 — “compliance” coeff. (rotor speed, plenum size)

We(P) = Weo+1+ gcb _ -;-¢3 B

Vo= A+ eT(¥))?
| ¥ |

mass flow

pressure rise -

throttle flow

throttle openmg |

shut off head coefﬁcuent (# of stages)
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Moore-Greitzer PDE Model

- @,p=angular, axial coord. £ norm. time

(¢, 9} etc.at .= 0)

V(&) = We(® + ¢yly=0) ~ leGZ ~ mfln=o

—5-(28} + H)In=0

do 1o /

IS =~V (E) + 5 [ We(® = ¢)l4=0)dd
-, dV
G = (O~ Kr(¥)

¢' solves Laplace's equation

¢;777 + ¢,00 =
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