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Therefore,
V(@) > bo? + 125 + 23 = w[ 11 ]x

The matrix of the quadratic form is positive definite. Hence, V(z) is positive definite for all z, a.nd radially
unbounded.
14 .‘o’jg(.‘i:i)i‘j + 133 + T2E) + 23333
9(z1)(z122 - 2} — 3123 — 22123 — 223) + 22
—9(z1)(2} + 22122 + 223) + 23
= -g(1)="Qz + 23

where Q = [ i ; ] is positive definite. Since g(z;) > 1 and z7Qz > 0, we have

V < —(2] + 22123 + 223) + 23 = — (22 + 2017 + 22) = —(z1 + 22)?
This shows that V is negative semidefinite. We need to apply the invariance principle.

V=0=> 05—(314-33)2 = 02(31'!'33)2 = T1+22=0

() +23(t) =0 = () +22(t) =0 = z(t) =0 = z,(t) =0

Since V/(z) is radially unbounded and all the assumptions hold globally, we conclude that the origin is
globally asymptotically stable.

esystemhasan&uﬂibriumpointaty:Mg/kandﬂ:O. Letz;:ﬁ-Mg/ka.ndz,:ﬂ.

. . k C1 C2
=23, d3=- gm- 37— 30l

Take V(z) = az{ + b3, with 6,b > 0. V(z) is positive definite and radially unbounded.

: o bk\ 2bc 2bc
V(z) =2 ( - -A—l—) 1T —~ — -Flzg - -ATzzglzzl

Taking @ = k/2 and b = M/2, we obtain
V(2) = —c123 — caz3lzal <0, Vz

Moreover, .
V=0 = z:(t) =0 = z;1(t) =0

Using LaSalle’s theorem (Corollary 4.2), we conclude that the origin is globally asymptotically stable.

@ (a) The equilibrium points are the roots of the equations

=-—z223+1, O0=2z23 23, 0= .‘Bg(l —z3)
From the third equation, z3 = 0 or zs = 1. The first equation cannot be satxsﬁed with z3 = 0.

3=1 =2 2z2=1 = z=2z2=1




Hence, there is a unique equilibrium point at (1,1,1).

(b) .
. 0 -—=z3 -3 0 -1 -1
=)z -1 2 =1 -1 1
£=(1,1,1) 0 0 2z3-3z3 ] _,,, LO 0 -1
The eigenvalues are —1 and (-1 jv/3)/2. Hence, the origin is asymptotically stable. The third state

equation has equilibrium at zs = 0. Starting with the initial condition z3(0) = 0, we have z3(t) = 0. Then,
£; =1 and z; (t) grows unbounded. Thus, the equilibrium point is not globally asymptotically stable.

Ial
0=z, 0= (7122 -1)23 + (z122 — 1 + zd)z2

Substitution of 1 = 0 in the second equation yields

af

8z

—z2(14+23)=0=>2,=0
Hence, the origin is the unique equilibrium point.
(b) .
I 0
0z |, (z;+$§+2$122) (43221—3334-22122—1'{-3%) ]

Hence, the origin is asymptotically stable.
(c) Let V(z) = z12,.

-7 4]
20 0 -1

V() = 2122 + 122 = (2122 ~ 1)2123 + (2122 — 1 + 22)2123 — 2122
V(z) =4z2>0
X z123=2
which implies that I" is a positively invariant set.
(d.) ) The origin is not globally asymptotically stable since trajectories starting in I do not converge to the
origin. .

If ry > ra, we have ry +71'2 < 2r;. Hence, )
' a(ry +r2) < a(2r1) < a(2r1) + a(2rs)
If r; > r1, we have r; + rz < 2rz. Hence,
a(r1 + r2) < a(2rz) < a(2r1) + a(2rs)

Thus, the inequality
a(r; +r2) < a(2r,) + a(2rz)

is always satisfied.

exercise is already dealt with in Example 4.18.
o(3.37 1) Let V(2) = 3=t + 23).

V= -2% +a(t)nizs + alt)n sy — 255 < —3f — 225 + 2z |z
T
I

where 0.382 is the minimum eigenvalue of the 2 x 2 matrix. By Theorem 4.10, the origin is exponentially

stable.
(2) Let V(z) = }(a + 72)-

J = —2} + a(t)z122 - a(t)n122 — 223 = —x3 — 213

By Theorem 4.10, the origin is exponentially stable.



°4.41 T
(a) Xy = 1= i;

2zlzz+3t+2—-3x1—2(t+1)zg,=2t+3t+2—3t—2(t+1)=0=:c2

t|. . |
= is a solution. ‘ ) )
Thus, z(t) [ 1 ] discussion at the beginning of Section 4.5 that to show asymptftxc sia.:n:lntz :i a.= s:;l,u _1oln
(b)shift it iroo?ingrigin and then show asymptotic stability of the origin. Let 3 =1
we i

Thea h=2z, Hn=21n2-u0-2n

We need to show that the origin z =0 s uniformly asymptotically stable.
e

o [0 1] a- -[8 4]
Bz | =142z —-2+2z7 |’ 8z |,20 -

. . totically stable.
The matrix A is Hurwitz; hence, the origin is uniformly asymp
(a) Use V(z) = 3(z} + z3) as a Lyapunov function candidate.
V = zi[h(t)2; ~ g(t)23] + za[-h(t)z, — 9(t)23) = —g(t)(at + z8) < ~k(z} + z4)
Hence, the origin is uniformly asymptotically stable. Since all assumptions hold globally and V(z) is radially

unbounded, the origin is globally uniformly asymptotically stable, which answers part (c).
(b) The conditions of Theorem 4.10 are not satisfied. Let us linearize the system

A(t) = gg(t,O) = [ _ ’?(t) h(()t) ]

Use V(z) = }(2} + 23) as a Lyapunov function candidate for the linear system.

V= z1h(t)z2 — z2h(t)z; =0

This shows that solutions starting on the surface V(z) = ¢ remain on that surface for all ¢. Hence,

of the linear system is not exponentially stable. This implies that the origin of the nonlinear
exponentially stable. :

(d) No.

the origin
system is not

| . ble since wit " 0, z(t) = oo as
i i th u(t) = ¢ > 1 and z(0) > 0,
i t input-to-state stable since w1
e 4.54 ) (1) The system 1S no

©0- ' = — 00 as t = 00.
i i =1 and z(0) > 0, z(t)
i input-to-state stable since with u(t)
(3) The system is not Inpu

1) Take V = }(z1 + 23).

. 2 |
V = —(af+23)+zu < —lzll; +l|zll2lu
= —(1-0)lizlf} - Oll=l} + llzllalul < —(1 - O)lIzli3, V llzllz 2 ul/6

where 0 < 8 < 1. Hence, the system is input-to-state stable.
(4) With u = 0, the system

= (21 - zz)(zf -1), &= (z1+ Zz)(.’t? -1)

= i ti that the
has an equilibrium set {z} = 1}. Hence, the origin is not globally asymptotically stable. It follows
system is not input-to-state stable.



