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Abstract: We study the possibility of globally stabilizing, by 
means of a smooth state feedback, systems obtained by cascad- 
ing a linear controllable system and a general nonlinear sys- 
tem. Our main result is that global stabilization can be achieved 
if the output of the linear system can be chosen to be 'feed- 
back positive real' (FPR). Some recent stabilization conditions 
appear as special cases of the new FPR condition. Examples of 
systems with the FPR property are given. 
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1. I n t r o d u c t i o n  

The purpose of this note is to present a suffi- 
cient condition for global stabilizability, by means 
of state feedback, of systems in the form 

= / ( x ,  ~), x ~ R", ,~ ~ R ~, (1.1a) 

= A ~ +  Bu, u ~ R m ,  (1.1b) 

where: 

(H) The pair (A, B) is controllable, the map 
f :  R "+~ ~ R" is smooth (i.e. of class C°~), and the 
system 

A = f ( x ,  0), x ~ R ' ,  
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has 0 as a globally asymptotically stable equi- 
librium. 

Our interest in this class of composite systems 
has been stimulated by normal forms and zero 
dynamics concepts introduced by Isidori and co- 
workers [4,2,7]. Such systems may, in general, fail 
to be globally stabilizable. In [11] an example is 
exhibited of a system of the above type with the 
property that there are initial conditions from 
which every trajectory escapes in finite time. 

Recent results on global stabilization are of two 
kinds, namely, those that impose restrictions on 
the nonlinear system (1.1a), and those where 
restrictions are imposed on the linear system (1.1b). 
Results of the first kind were obtained in [8,9,10]. 
The main result of the second kind, stated and 
proved in [2,5,13] with slightly different formula- 
tions, says that global stabilization of (1.1) is 
possible when B has rank p, i.e. in the relative 
order one case 1. Our theorem is a generalization 
of the result in [2]. As in [2], the more general 
stabilization condition presented here gives an ex- 
plicit formula for the stabilizing feedback, in terms 
of a Lyapunov function for :~ = f ( x ,  0). However, 
unlike the conditions of previous results, ours is 
not a restriction on one of the two systems (1.1a, 
b), but a requirement relating them both. We do 
not impose the condition that the linear system be 
of relative order one, but require instead that f be 
of the form 

f ( x ,  ~ ) = f 0 ( x ,  ~ ) +  E y ,  f , ( x ,  ~), 
i 

where f0 satisfies a stability condition uniformly 
in ~ and 

y = C~ = (Yl . . . . .  y,,)T 

i In accordance with the terminology introduced by Hirschorn 
in [3], the 'relative order' of the system (1.1) is the largest 
controllability index of the linear system (1.1.b). 
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- where ' x '  denotes  t ranspose  - is an ou tpu t  that  
has the ' f eedback  posi t ive real '  ( F P R )  proper ty ,  
i.e. the p rope r ty  that  there be a feedback t ransfor-  
ma t ion  (in which u is rep laced  by  K~ + u) such 
that  the matr ix  A + BK is Hurwi tz  and the t ransfer  
funct ion 

ZK(S ) = C ( s I -  A -- B K ) - ' B  

is posi t ive real. 
To show how our  me thod  appl ies  to a number  

of cases not  covered by  other  approaches ,  we 
s tudy  in par t i cu la r  the systems 

2? = - ( 1  + Cl~J, q- C2~2)X 3, (1.2a)  

g, = ~2, '~2 = u, (1 .2b)  

2? = - (1 + a¢~ 2 + 2/3~Ji2 + 3',~2 2 )X 3, (1.3a)  

~, = ~2, ~2 = u, (1 .3b)  

where  x, ~ and ~2 are scalar  variables.  We  de- 
t e r m i n e  t h o s e  v a l u e s  o f  the  p a r a m e t e r s  
q ,  c2, a, /3, 7 for which global  s tabi l iza t ion by  
our  method  is possible.  I t  turns  out  that ,  for all 
o ther  values of  these parameters ,  one can prove  
that  s tabi l izabi l i ty  fails. 

2. T h e  m a i n  t h e o r e m  

Firs t  we need some defini t ions.  Cons ider  a 
d i f ferent ia l  equa t ion  

2?=g(x, ~), xEa" ,  
that  depends  on a pa r ame te r  ~ with values in a set 
U, and  is such that  g : R ' X U - - - , R "  is local ly  
Lipschi tz  in x for each fixed ~. We say that  a 
po in t  p ~ R"  is an asymptotically stable equi- 
librium, uniformly in ~, if p is an equi l ibr ium for 
each ~ (i.e. g(p ,  ~ ) = 0  for each ~) and  there 
exists a funct ion V : R ' - - - , R  that  is a strict  
Lyapunov  funct ion for all ~ ( that  is, V is required 
to be smooth,  proper ,  s tr ict ly posi t ive everywhere 
except  at p ,  equal  t o  0 at p ,  and  such that  
VrV(x) "g(x,  ~) < 0 for all x such that  x 4=p). 

If  0=(q51 . . . . .  q}k) is a k - tup le  of  smooth  
real -valued funct ions on R ' ,  and  F is a real- or  
vector-valued smooth  funct ion on  R ' ,  we say that  
f E  span ~ if there are  smooth  funct ions  F 1 . . . . .  F k, 
with values in the same vector  space where F 
takes values, such that  

r ( z ) = q } , ( z ) r l ( z )  + . . .  +q~k(z )Fk(z )  (2.1) 

for all z. 

Recall  that  an m by m matr ix  Z ( s )  of ra t iona l  
funct ions  is said to be positive real (PR) if: 

( P R I )  The entries of Z ( s )  have no poles  s such 
that  Res  > 0. 

(PR2) The  mat r ix  Z(s )  + Z ( s )*  (where * denotes  
conjugate  t ranspose)  is nonnega t ive  def ini te  if s is 
in the imaginary  axis and  is not  a pole  of  Z(s) .  

(PR3)  The poles  of  Z ( s )  that  lie on the imag ina ry  
axis are all simple,  and  the co r re spond ing  residues 
are nonnegat ive  def ini te  matrices.  

Recal l  that  a t ransfer  mat r ix  

Z ( s )  = C ( s I - A )  1B 

is said to be str ict ly posi t ive  real (SPR)  if Z(s  - e) 
is P R  for some e > 0. I t  is well  known  [7,12] that  
the above  def in i t ion  is equivalent  to the require-  
ment  that  Z satisfy the fol lowing three condi t ions :  

(SPR1)  Z has no pure  imag ina ry  poles.  

(SPR2)  Z(jc0) + Z(jc0)* > 0 for all real w. 

(SPR3)  lim,~ ~ ~ 2 [ Z ( j ~ )  + Z ( j ~ ) * ]  > 0. 

Also,  let us call  Z weakly strictly positive real 
(WSPR)  if it satisfies Cond i t ions  (SPR1) and  
(SPR2).  A version of  the PR L e m m a  asserts  that ,  
if (A,  B, C)  is min imal  and  Z ( s )  = C ( s I -  A ) - I B  
is PR, then there exist P > 0 and  Q > 0 such that  
ATp + PA = - Q  and PB = C v (cf. [1]). A n o t h e r  

version states  that,  if (A ,  B) is con t ro l l ab le  bu t  
(A,  C)  is not  necessar i ly  observable ,  then the ex- 
istence of P and Q still follows if Z ( s )  is SPR (cf. 

[121). 
We  now extend these no t ions  to inc lude  the 

poss ib i l i ty  of  a s ta te  feedback  t r ans fo rma t ion  u --+ 
K~ + u. A co lumn 

y = ( y ~  . . . . .  y m )  T = c~j 

of l inear  funct ions  Yi = ci~ on R ~ (where C is an 
m x n matr ix ,  and  the row vectors  c, are the rows 
of  C),  is a feedback positive real ( F P R )  ou tpu t  of 
( l A b )  if it  has the fol lowing p rope r ty :  
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(FPR) There exists a linear feedback transforma- 
tion u = K~ + v such that A + BK is Hurwitz and 
there are P > 0, Q > 0 that satisfy 

(A + B K ) T p  + P ( A  + B K ) =  --Q 

and PB = C v. 

Then each of the following conditions is suffi- 
cient for y to be FPR: 

(Sl)  There is a feedback K such that A + BK is 
Hurwitz, 

Z K (s)  = C(s I  - h - BK ) -1B 

is PR and (A + BK, C) is observable. 

(S2) There is a feedback K such that A + BK is 
Hurwitz and ZK(S ) is WSPR. 

(S3) m = 1, C 4: 0, and there is a feedback K such 
that A + BK is Hurwitz and ZK(S ) is PR. 

The fact that ($1) suffices follows directly from 
the Positive Real Lemma. The sufficiency of ($2) 
would follow directly if instead of 'WSPR '  we 
were requiring 'SPR'.  The proof that WSPR 
suffices is given in [6]. 

Returning to the system (1.1), we will say that f 
is FPR-spanned if there is an FPR output y of 
(1.1b) such that f ~  spany.  A stable+ FPR- 
spanned decomposition of f is a decomposition 
f = f o  + ~ such that 0 is a globally asymptotically 
stable equilibrium of .~ =f0(x ,  ~), uniformly in 4, 
and f is FPR-spanned. 

Our main result is: 

Theorem 2.1. l f  f has a stable + FPR-spanned de- 
composition, then the system (1.1) is globally 
smoothly stabilizable. 

Proof. First we pick a K for which the matrix 
,4 = A + BK is Hurwitz, and an output 

y = (y,  . . . . .  ym) T = C~ 

such that there exist two n x n real symmetric 
matrices P > 0, Q > 0 satisfying A~rp + PA = - Q, 
and PB = C "r. 

Next we use a decomposition 

f ( x ,  g;)=f0(x,  4 ) + Y ,  f l ( x ,  4) 

+ . . .  +Ymfm(X,  ~),  

where the f~ are smooth and f0 has 0 as a globally 
asymptotically stable equilibrium, uniformly in 4. 
We then pick a strict Lyapunov function V for 
: t= f0 (x ,  ~), i.e. a smooth function V : R n ~ R  
such that V ( x ) > 0  for all x such that x 4 : 0 ,  
V(O) = O, ( x :  V(x)  < a} is compact for every a 
R, and ~TV(x). fo (x, ~) < 0 whenever x =~ O. 

We write u = K~ + v, and define 

W ( x ,  4) = V ( x )  + ~Tp~. 

We then seek to determine a feedback control 
v(x, 4) that will make the origin of R "+" a glob- 
ally asymptotically stable equilibrium of the 
closed-loop system 

Yc = f ( x ,  ~), (2.2a) 

= (A + B K ) ~  + v (x ,  ~), (2.2b) 

with Lyapunov function W. The derivative IJV of 
W along a trajectory of (2.2) is 

W(x,  f )  = V V ( x ) " f 0 ( x ,  f )  
m 

+ E y, vV(x)  .L(x, f) 
i=1  

+C(A'rP + P.i)  + 2CpBo(x, 4). 

Using 

A'rP + PA = - Q and PB = C T 

(SO that ~TpB = ~TcT =yT) ,  we get 

W ( x ,  4) = V 'V(x )" /0 (x ,  4) 

+ ~ y ,V 'V (x ) " f i ( x ,  4) 
i~ l  

m 
--~TQ~+ 2 ~ Y , V , ( x ,  4). (2.3) 

i=a 

So, if we choose 

Oi(X, 4 ) =  - - ½ ~ V ( x ) " f i ( x ,  ~) ,  ( 2 . 4 )  

we find that 

I,V(x, 4 ) =  V ' V ( x ) . f o ( x ,  4 ) -  ~TQ~. 

This implies, in particular, that l~(x, 4) -< 0 for all 
x, /j, and l~(x, 4 ) < 0  if x4 :0 .  Moreover, it is 
clear that W is smooth and proper, W(x,  4)> 0 
for all x, 4, and equality holds if and only if x = 0 
and ~ = 0. To establish the global asymptotic sta- 
bility of the origin, it suffices to show that, if 
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3' : t --* ( x ( t ) ,  ~( t ) )  is a comple te  t ra jec tory  of  (2.2) 
a long which W is constant ,  then it follows that  
x ( t )  =-0 and ~ ( t ) =  0. To begin with, x ( t )  must  
be  0 for all t, because  l£V(x, ~ ) <  0 unless x = 0. 
Moreover ,  once we know that  x ( t ) - O ,  we can 
conc lude  that  v vanishes along 3' (because V'V(0) 
= 0, since V has a m i n i m u m  at 0). Therefore  
t --* ~( t )  is a solut ion of  

g =  (A + 8 K ) ~ ,  

and  

W ( x ( t ) ,  ~ ( t ) )  = ~ ( t ) T p ~ ( t )  

for all t. Since W is cons tan t  a long 3', and  ~( t )  ~ 0 
a s  t --* + oo (because A + BK is Hurwitz) ,  we con- 
c lude  that  ~(t)Tp~(t)= 0 for all t. Then,  because  
P is s tr ict ly posi t ive definite,  it follows that  ~ ( t )  
0. This comple tes  the p roo f  that  all the condi t ions  
of  La Salle 's  Invar iance  Pr inciple  are satisfied. 
Therefore  the origin is a global ly  asympto t ica l ly  
s table  equi l ibr ium of (2.2). [] 

3. Examples 

We now i l lustrate the use of Theorem 2.1 by  
means  of a number  of examples .  

Example  3.1. (Relative order one.) A recent  s tabi l i -  
za t ion  result  (cf. [2,5,13]), appl ies  to the special  
case when B has rank ~. In this case, we can 
always assume in add i t i on  that  m = u. The  feed- 
back 

K =  - B - 1 A - a I  

(where a is a posi t ive constant) ,  is such that  
A + BK = - a I ,  and  therefore  A + BK is Hurwitz .  
To recover the s tab i l iza t ion  result,  we take y = ~; 
then it is clear  that  the t ransfer  funct ion Z(s)  is 
posi t ive real, b ecause  it is a d iagonal  mat r ix  with 
entr ies  equal  to 1 / ( s  + a). Moreover ,  

f ( x ,  ~ ) = f ( x ,  O) + ~af~(x, ~) 

+ . . .  + ~ , L ( x ,  ~) ,  

for some choice of  smooth  vector-valued funct ions  
f,.. In  view of  A s s u m p t i o n  (H),  0 is a g lobal ly  
asympto t ica l ly  s table  equi l ibr ium of ~ = f ( x ,  0). 
By the usual  converse L y a p u n o v  theorems,  a 
L y a p u n o v  funct ion x ~ V(x)  exists. (Un i fo rmi ty  

with respect  to ~ poses no  p rob lem,  since f ( x ,  O) 
does not  depend  on ~.) So all the condi t ions  of  
Theorem 2.1 are satisfied, and  the resul t  of [2,5,13] 
follows: 

Corol lary 3 . 1 . / f  (1.1) satisfies condition (H) and B 
has rank p, then (1.1) is globally smoothly stabiliz- 
able. [] 

Example  3.2. (Chain of integrators.) Suppose  a 
system 

Jc=f (x ,  u), x ~ R " ,  b lER m, 

is s tabi l izable  by a smooth  feedback  x--* h(x).  
Cons ider  the augmen ted  system 

5c = f ( x ,  ~), ~ = v, 

ob ta ined  by  feeding the input  v th rough  an in- 
tegrator.  Wri te  ~ = h ( x ) +  ~/, so that  

~1 = v -  Dx~(x ) . f ( x ,  ~ ( x )  + ~1). 

If  we let 

g(x ,  71)=f (x ,  h ( x )  + ~1), 

and make  the feedback  t r ans fo rma t ion  

w = o -  Dxf i (x  ) . f ( x ,  f i (x)  + ~1), 

we get the system 

:~ = g ( x ,  n ) ,  ~ = w ,  

and 0 is a g lobal ly  a sympto t i ca l ly  s table  equi-  
l ib r ium of  :~ = g(x, 0). So Coro l l a ry  3.1 appl ies ,  
and  we come to the conclus ion that,  if ~ = f ( x ,  u) 
is smooth ly  s tabi l izable,  then the augmen ted  sys- 
tem is smooth ly  s tabi l izable  as well. By induct ion ,  
it follows that  we can augment  the or iginal  system 
with any number  of in tegrators ,  so that  we get: 

Corol lary 3.2. I f  a system Yc = f ( x ,  u) is smoothly 
stabilizable, then any system 

: ~ = f ( x ,  ~1), ~,=~2 . . . . .  ~k=v ,  

obtained by cascading the original system with a 
chain of integrators, is smoothly stabilizable as well. 
[] 

Example  3.3. (Nonminimality.) To i l lus t ra te  the 
use of Cond i t i on  ($3), cons ider  a system of  the 
form 

£ c = g ( x ) + ~ 2 f ( x ,  ~), x ~ n " ,  

= (~1, ~2, ~3), ~1 = ~2, 
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W e  assume that  0 is g lobal ly  a sympto t i ca l ly  s table  
for  .~ = g(x ) .  The th ree -d imens iona l  l inear  sys tem 
is con t ro l l ab le  as long as a ~ 0. I f  we take the 
ou tpu t  to be  42, then the s ta te  43 is unobservable .  
Nonethe less ,  the f eedback  

U = --a241 -- 2a42 + v 

dr ives  4a and  42 to zero and  makes  the t ransfer  
funct ion  v ~ 42 posi t ive  real, p rov ided  that  a > 0. 
The  numera to r  of  the t ransfer  funct ion  has two 
zeros: s - - r ,  0. The  d e n o m i n a t o r  has a s imple  
zero at  s = fl and  a doub le  zero at  s = - a .  So, if 
fl < 0, Cond i t i on  ($3) is satisfied, and  therefore  
g loba l  s tab i l iza t ion  is possible.  

No t i ce  that  in this case the l inear  sys tem is 
unobse rvab le  but  detectable ,  and  i t  is poss ib le  to 
p roceed  direct ly,  by  d i s regard ing  unobservab le  
states.  Then the cons t ruc t ion  of  Theorem 2.1 fur- 
nishes a feedback  for which W ( x ,  4 ) =  V ( x ) +  
4TP4, where 4TP4 is a s tr ict ly posi t ive  def in i te  

funct ion  of  41 and  42 only.  A l though  W is not  a 
t rue L y a p u n o v  funct ion,  because  it is only  posi t ive  
semidefini te ,  the fact  that  W decreases  a long 
t ra jector ies  of  the c losed- loop  sys tem suffices to 
p rove  that  the (x,  41, 42) par t  of  every t ra jec tory  
remains  b o u n d e d  as t ~ 00. Since fl < 0, the sys- 
tem ~3 = a4a + fl43 is BIBS if we regard  4! as the 
input ,  so 43 will r emain  b o u n d e d  as well. One  can 
then prove  that  all t ra jector ies  go to zero exact ly  
as if W were a t rue L y a p u n o v  funct ion.  

If  fl > 0, then the l inear  sys tem is not  de tec ta-  
ble  and  the above  a p p r o a c h  does not  work.  A n y  
feedback  which makes  the t ransfer  funct ion v ~ 42 
posi t ive  real accompl ishes  this by  cancel l ing the 
zero at  s = fl > 0 by  an uns tab le  pole,  that  is an 
uns tab le  eigenvalue of  A + BK.  Hence  the ou tpu t  
42 is no t  FPR.  

The  last  two examples  give a comple t e  
charac te r i za t ion  of  the s tab i l izabi l i ty  region in 
p a r a m e t e r  space,  in the sense that,  for those values 
of  the pa rame te r s  where  our  cond i t ions  fail, we 
are able  to prove that  s tab i l izabi l i ty  fails as well, 
and  does  so in a very d rama t i c  way, namely,  there  
are  ini t ia l  cond i t ions  f rom which every t ra jec tory  
is unbounded .  

Example  3.4. (Stability vs. unboundedness.) W e  
prove  the fol lowing claim:  

(A) The system (1.2) is smoothly stabilizable i f  and 

only if  cac 2 >_ O. 

Let us cons ider  first the case when ¢1¢2 ~ 0 and 
c 2 4= 0. Then  we might  as well a s sume that  c 1 _> 0 
and  c 2 > 0 for, if c~ and  c 2 were negative,  then we 
could  change  41, 42 and  u in to  - 4 1 ,  - 4 2  and  
- - U .  

Let p ( s ) =  c 1 + c2s. If  we choose  a feedback  
u = - k141 - k242 -4- 0 that  makes  the p o l y n o m i a l  

q( s ) = s2 + k2s + kl  

Hurwitz ,  and  let y = c~4a + c242 be the ou tpu t ,  
then observabi l i ty  will fol low p rov ided  tha t  q(s )  

and  p ( s )  have no c o m m o n  zeros. In  par t icu la r ,  we 
can choose  k l = a  2 and  k 2 = 2 a ,  where  a > 0  is 
such that  c a - a c  2 ~ O. It  then fol lows tha t  the 
t ransfer  func t ion  Z ( s )  = p ( s ) / q ( s )  is posi t ive  real, 
p rov ided  that  2ac 2 > c a. W e  can then wri te  the 
r igh t -hand  side of  the first equa t ion  of  (1.2) as 

f o + y f a ,  where f o = f l  = - x  3. Clearly,  0 is an 
a sympto t i ca l ly  s table  equ i l ib r ium for f0. So all  the 
cond i t ions  of our  T he o re m 2.1 are satisfied.  
Therefore  (1.2) is smoo th ly  s tabi l izable .  Moreover ,  
we can  ob ta in  explici t  fo rmulas  for  the s tabi l iz ing 
feedbacks  b y  jus t  ca r ry ing  out  the cons t ruc t ion  of  
the p roo f  of  Theorem 2.1. The  resul t ing feedback  
turns out  to be  given by  

u ( x ,  4) = - a 2 4 1  - 2a42 + x 4, 

where  a is requi red  to sat isfy 2ac 2 > c 1. 
To comple te  our  d iscuss ion of  the case when 

cac 2 > O, we need to cons ider  the poss ib i l i ty  tha t  
c 2 = 0. However ,  in this case the sys tem (1.2) is 
ob ta ined  as a cascade  of  the sys tem :~ = - ( 1  + 
~/)x 3, wi th  ~/ be ing  an input ,  p receded  by  a chain  
of  two integrators .  So Coro l l a ry  3.2 appl ies ,  and  
(1.1) is smooth ly  s tab i l izable  in this case as well. 

W e  now turn  to the case cac z < 0, when Theo-  
rem 2.1 does  not  apply .  In  this case, we m a y  
assume that  c a < 0, and  then c 2 > 0. Wr i t e  c a = 
- p ,  so the first equa t ion  of  (1.2) becomes  

= - ( 1  - P4a + c242) x3, (3.1) 

w i t h c  2 > 0 a n d  p > 0 .  Let  

t--~ ( x ( t ) ,  4 , ( t ) ,  4 2 ( t ) )  

be the t ra jec tory  of  our  sys tem co r r e spond ing  to 
some open- loop  cont ro l  t ~ u(t) ,  def ined  on an 
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interval I ___ [0, 00) that contains O, and starting at 
an initial condit ion 

p = (x(O),  4 , (o) ,  

Let x(0) 2 =  1/2 f l ,  a =41(0). Then x ( t )  2 can be 
written explicitly using (3.1), and we get: 

x ( t ) 2  _ 1 (3.2) 
2fl + 2q,( t)  ' 

where 

/o' /o' ~ b ( t ) = t - - p  41(t) d t + c  2 42( t )  dt .  

Since ~1 = (2, we have 

¢ ( t )  -- t + c 2 [41( t )  - 41(0)] - pfot41(t) dt ,  

and then 

2 x ( t ) 2  = 1 

fl + t -  c2a + c241(t ) - p fo'4a(s) ds  

def 1 
- ( 3 . 3 )  

Clearly q,(t) > 0 for all t ~ I. Therefore 

/o' c 2 4 1 ( t ) > c 2 a - f l - t + p  41(s) ds  

for t ~ I. This implies that 

/o c2~'(t ) > O + p  ~'(s) ds ,  

where f ( t )  = 41(0 - 1 / p  and 0 = c20t - f l  - c 2 / p .  

If we let 

/o' a ( t ) = O + p  ~ ( s ) d s ,  

we see that 6 ( 0  > (O/c2)o( t ) ,  so that, if 

~o( t ) = o( t ) e -(°/c2)', 

then 

do( t ) = ( 6( t ) - ~22 o( t ) ) e-t°/c2)t ~ O, 

,o ( t ) _>_ to (O) for all t ~ I ,  

which implies that 

° (  t ) e >__ o(O) = o. 

Thus, for t ~ I ,  we have o(t)>__ Oe (°/c2)t, so that 
f ( t )  > (0 / c2 )  e (°/c2)t and then, finally 

1 0 
41(t) >- - + - -  e(O/c2),. 

P C2 

If  0 >  0, and I is infinite, then the above in- 
equality implies that the funct ion t ~ 41(t) is un- 
bounded  as t ~ m. So we have proved:  

(A')  / f  c a < 0 ,  c 2 > 0 ,  and p ~ R ~ is an initial 
condition for (1.2) such that p = (~, a, ~), 2 4: 0, 
and 

1 1 
a > - -  , (3.4) 

2C2.~ 2 Cl 

then every trajectory 

t - ,  ( x ( t ) ,  4 , ( t ) ,  42 ( t ) )  

of (1.2) that starts at p is such that either 41(0  is 
unbounded as t ~ oo or x (  t ) escapes to infinity in 
finite positive time. 

This clearly implies that, if ClC 2 < 0, then (1.2) 
fails to be asymptotically controllable to zero, so a 
fortiori this system fails to be smoothly  stabiliz- 
able, and the proof  of  (A) is complete.  [] 

Example 3.5. (Stabifity vs. unboundedness.) We 
show the following claim: 

(B) I f  a < 0 ,  3'-<0, and f l > _ - ~ ,  then the 
system (1.3) has initial conditions p with the prop- 
erty that every trajectory 

(x ( t ) ,  4 ,(t) ,  42(t)) 

of (1.3) that starts at p is such that either 41(0  is 
unbounded as t ~ oo or x ( t )  escapes to infinity in 
finite positive time. For all other values of the 
parameters a, fl, 3", (1.3) is smoothly stabilizable. 

We let 

q ( G ,  42) = a42 + 2fl4142 + 3'42 • 

To prove (B), we first consider the stabilizable 
cases. Let 

f ( x ,  4 ) =  - ( 1  + q (4 , ,  4 2 ) )  X3. 

If  a > 0, then we can write 

f ( x ,  4 ) = f 0 ( x ,  4 ) +  42f~( x,  4),  
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where 

f 0 ( x ,  = - ( 1  + 3 

and 

f , ( x ,  ~) = - (2/3~ 1 + 7~2)x 3. 

Using the Lyapunov  function V(x )  = x z, it is clear 
that  0 is a globally asymptotical ly stable equi- 
l ibrium of .~ = f 0 ( x ,  ~), uniformly in ~. It  is easy 
to verify that ~2 is FPR,  so Theorem 2.1 applies. 

If  y > 0, then we can find a > 0 such that 

b = 7a 2 -  2/3a + a > O. 

If  we let 71 = ~2 + a ~ ,  then ~ is FPR.  On the other  
hand,  

q (~ )  = b~ 2 + ~/(y~/+ 2 ( / 3 -  y a ) ~ l ) ,  

so we can write 

f ( x ,  ~ ) = f 0 ( x ,  ~ ) +  ~lf~(x, ~), 

where 

f o ( X ,  ~) = --(1 + b~2)x 3 

and 

f l ( x ,  ~) = - (yT/+  2(13 - v a ) ~ l ) X  3 .  

Once again, 0 is a globally asymptotical ly stable 
equilibrium of :~ = f 0 ( x ,  f) ,  uniformly in f, and 
Theorem 2.1 applies. 

Next  assume that  a < 0 and y < 0, and write 
a =  - 3  2 , y = - e  2 , w i t h 3 > 0 ,  e>__0, s o t h a t  

q (~ )  = - 3 ~  + 2/3~1~2 - -  e2~ 2. 

Complet ing the square yields 

q(~¢) = -r /2  + 0~ 2, 

where 

,1 = - a n d  0 = - 

I f /3  < 0 and 0 >_ 0 (i.e i f /3 < 0 and f12 > ya),  then 
is FPR,  and we can write 

f ( x ,  ~ ) = f o ( X ,  ~ ) +  ~f~(x,  ~), 

with 

fo(X, ~) = - ( l  + O ~ ) x 3  

and 

f , ( x ,  ~) = fix 3. 

So our  theorem again applies. 
Finally, the case a < 0, y < 0, fl = 0, 0 > 0, can 

only arise when e = 0, i.e. q(~) = a~ 2, since f12 >__ 
82e 2. In  this case, smooth  stabilizability follows 
f rom Corol lary 3.2. This completes the considera- 
tion of  all the cases in which (1.3) has been 
asserted to be stabilizable. 

To analyze the remaining case, we assume that 
a = - 3 2  , y = - e  2, with 3 > 0 ,  e_>O, and either 
0 < 0 or fl > 0. We will consider separately the two 
(non-mutual ly  exclusive) subcases: 0 < 0 and fl > 
0. 

If  0 < 0, i.e. /32 < 3262 (SO that  e > 0), then 

= _3z 2 _ + 2/3 x 2. 

Consider  a trajectory 

t--+ ( x ( t ) ,  ~l ( t ) ,  ~2( t ) )  

of  (1.3), defined on an interval I c [0, oo) such 
that 0 ~ I. Let x(0) 2 = 1 /2A .  Then 

2x ( t )2  _ 1 
A + q~(t) ' 

where 

4~(t) = t + q ( ~ , ( s ) ,  ~2(s))  ds. 

We will show that there are initial condit ions x(0) 
and ~a(0) f rom which every trajectory escapes to 
infinity in time not  greater than 1. This will follow 
if one can choose the initial condi t ion so as to 
ensure that q,(1) + A  < 0. But qa(1) = 1 - ~p(1), 
where 

t p ( t )  = f o t [ 3 2 ~ l ( S ) 2 + e 2 ~ 2 ( S ) 2  

d s .  ( 3 . 5 /  

If  ~(1) + A >_ 0, then ~p(1) < A + 1. Fix a number  
p > 0  such that 1 / 3 1 / e 2 < p < 3 2 / [ f l l  . (Such a p 
exists because/32 < 82e2) Then  

--2/~1(S)~2(S) >__ - -p ]~  I~l(S) 2 

for all s. So 

f01 2 f01 2 X ~ , ( s )  d s + #  ~2(s) d s < A + l ,  

IBl 2(s) 2 

P 

(3.6) 
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where h = 8 2 - -  tO I /3  [ and ~ = e 2 - [ fl I /P ,  so that  
h > 0 and /~ > 0. This implies in part icular  that  

/ 1 ~ 2 ( s ) 2  d s <  (A + 1)/bt .  
-'0 

Therefore,  since ~2 : 

I~ , ( t )  - ~,(0)  t -< fo 1 

for O < t < l ,  where 

~ ,  we have the bound 

the last step follows f rom 
Schwartz '  inequality. If  I ~a(0) [ = B, then the pre-  
ceding inequali ty implies in part icular  that  

I~a( t )  I > B -  (3.7) 

for 0 < t < l .  Now suppose that  B is chosen so 
that  

Then  (3.7) implies that  I~l ( t )  I > ((A + 2)//~k) 1/2 

for t ~ [0, 1]. If  we square both  sides, integrate 
f rom 0 to 1, and mult iply by  k,  we get 

1 2 
X f0 ~a(s ) d s > A  + 2 .  (3.9) 

This clearly contradicts  (3.6). The contradict ion 
shows that, as long as the initial condit ion 

p = (x(0),  

is chosen so that  (3.8) holds, then 4)(1)+ A must  
be negative for every t rajectory that  starts at this 
initial condition. So every trajectory that  starts at 
such a p escapes to infinity in t ime < 1. 

To  conclude, we consider the remaining non- 
stabilizable subcase, i.e. when /3 > 0 (assuming 
always that  a < 0 and "y < 0). Our  reasoning here 
will be similar to the one used for the nonstabil i-  
zat ion par t  of  the analysis of  (1.2). For  a suitable 
choice of  initial conditions,  and using q~, ~b, A as 
before,  we will show that, if the funct ion t ---} ~1 ( t )  
is bounded  for 0 < t < oo, then q,(t) + A must  be 
negative for some t > 0, so that  the x componen t  
of  the trajectory escapes to infinity in finite time. 
If this were not  true, then the bound  ~k(t) < t + A 
would have to hold for all nonnegat ive  c There-  
fore 

8 2 f j ~ l ( S )  2 d s -  2/3fot~,(s)~2(s  ) ds  

2f0, )2 
+e ~2(s d s < A + l  (3.10) 

for t _> 0. In particular,  

t 2 t )2 2/3fo~l(S)~2(s)ds~___8 f 0 ~ l ( S  as--I--A. 

Since 2~1 ~2 is the derivative of  ~2, and 13 > 0, we 
can conclude that  

82 f0t~l(s)  2 ds   ,(lf -  ,(of __ -h- 

t A 
/3 /3" (3.11) 

With o ( t ) =  ~l( t )  2 -  1 /82,  inequali ty (3.11) can 
be rewritten as 

o(t)> ~'~fotO(s)ds+o(O) A /3. (3.12) 

If  O(0) > A/f l ,  then (3.12) implies that  a ( t )  ~ oo 
as t ---, o¢, and hence t ~ ~l( t )  is unbounded .  So, if 
t ~ ~a(t) is bounded,  this contradicts  the assump-  
tion that  q, + A is never  negative. Thus  q, + A does 
become negative, and the trajectory escapes in 
finite time. We have therefore established that  
every t ra jectory f rom any initial condi t ion  
(x(0),  ~1(0), ~2(0)) such that  

> + 
2/3x(0f 

is either unbounded  or escapes to infinity in finite 
time. The  p roof  of  (B) is now complete .  [] 
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